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ABSTRACT
This dissertation presents a formation evaluation method using the formation 
thermal properties (heat conductivity and volumetric heat capacity). The formation heat 
conductivity is determined by a modified Horner method, and the volumetric heat 
capacity is determined by the temperature buildup curve matching method.
The comparisons show that the pressure and temperature diffusivity equations and 
initial and boundary conditions are similar. Therefore, the temperature diffusivity 
equation can be solved by a method similar to that used in solving the pressure 
diffusivity equation. The wellbore fluid storage effect is an important boundary condition 
and is considered in the solution of the temperature diffusivity equation. From the 
solution of the temperature diffusivity equation, the Horner method used in the 
formation pressure analysis can be used in determining the formation heat conductivity 
from the temperature buildup data. However, the conventional Horner method is 
impractical because the temperature buildup time required exceeds 600 hours. The 
modified Horner method proposed requires only a  little more than 30 hours of 
temperature buildup time. The theoretical temperature buildup curves can be calculated 
based on the solution of the temperature diffusivity equation. Curve matching between 
the calculated and the measured temperature buildup curves can be used to determine the 
formation heat conductivity.
An improved heat conductivity equation for porous rock with multi-phase 
saturation is developed. The rock porosity and saturations can be determined with the 
improved heat conductivity equation and the weighted average equation of the volumetric 
heat capacity. A crossplot technique is developed to achieve this determination.
The temperature drawdown and buildup data were recorded at four intervals In a
xiii
LSU test welt. The formation thermal properties were calculated from the temperature 
buildup data. The formation porosities and saturations were computed with the formation 
thermal properties. The calculation results agree with the Interpretation results of the 
pulsed neutron log.
CHAPTER I
INTRODUCTION
1.1 SOME BASIC CONCEPTS
1.1.1 Heat C onductivity
Heat conductivity is a constant that relates the heat flux to the temperature 
gradient and is defined as the rate of heat conduction through a  unit thickness subjected 
to a  unit temperature difference. The relationship between heat conductivity, heat flux, 
and temperature difference is described by Fourier's first law. Fourier's first law of 
heat conduction is:
9 i -  - k d X  ( 1  - 1 )
A d r
where, in S.l. units: q r is the heat transfer rate in the r direction in W; A is the area
normal to the heat flow in m2 ; k is heat conductivity in W/m*K; 431 is the temperature
d r
gradient in K/m.
The unit of heat conductivity in the English system is Btu/hr-ft°F. The conversion 
between the two units is 1 W/m-K -  0.5778 Btu/hr-ft°F. Table 1.1 lists the heat 
conductivities of some materials.
1
2Table 1.1 Average heat conductivities and heat capacities of some materials 
(Burger, et al. 1985; and Desbrandes, 1989)
Materials c k p pc
(kJ/kg-K)(*> (W/m-K) (5) (kg/m 3) <<*) (k J/m 3 K)
•w ater 4.182 0.602 999.8 4181.2
•quartz 0.74 7.7 2650 1961
{crystalline)
•quartz 0.71 6.8/11.4 2650 1881.5
(monocrystal)
•calcite 0.82 3.6 2720 2230.4
•calcite 0.79 3 .5 /4 .0 2720 2148.8
(monocrystal)
• a i r 1.005 0.0257 1.02045 1.0256
•aluminum (pure) 0.896 204 2707 2425.5
•copper (pure) 0.383 386 8954 3429.4
•Iron (pure) 0.452 73 7897 3569.4
•carbon steel 0.465 54 7833 3642.3
••sandstone saturated
(#-0.196)
with air 0.766 0.877 2080 1593.3
watert1) 1.055 2.75 2275 2400.1
Oll(2) 1.36
oil+water(3> 2.47
••fine sand saturated
($-0.38)
with air 0.766 0.627 1635 1252.4
watert1) 1.419 2.75 2020 2866.4
••coarse sand saturated
(4-0.34)
with air 0.766 0.557 1745 1336.7
watert1) 1.319 3.07 2080 2743.5
oiltz) 1.64
(continued)
3(Table 1*1, continued)
Materials c k P PC
(kJ/kg-K)<«) (W/m-K) (5) (kg/ma) («) (k J /m 3 K)
“ limestone saturated
($ -0 ,186 )
With air 0 .846 1.70 2195 1 8 5 7
waterO) 1 .114 3 .55 2 3 9 0 2662 .5
Oll<2> 2 .15
oil+water(3) — 2.92 — —
natural gas 0 .042
crude oil 1 .883 0 .13
* at 20 °C ** at 32 °C
<1> distilled water: k-0.611 W/m-K 
<2) light lubricated oil: k-0.133 W/m-K 
{3> approximately 35% water and 65% oil
(*) 1 kJ/kg-K -  0.2391 Btu/lb‘°F
(5) 1 W/m-K = 0.5778 Btu/hr-ft°F 
<e> 1 kg/ms -  0.0624 Ib/fta
The heat conductivities of most rocks are slightly affected by temperature. Usually, 
the heat conductivities of the rocks decrease with increasing temperature. Anand, et al, 
(1974) did some experiments on the heat conductivity measurements for Berea 
sandstone and Boise sandstone. The measurement results are plotted in Figures 1*1 
an d  1-2.
4s
4
3
2
1
•  Brine
0
0 100 200 300
Temperature ( °F)
Figure 1-1 The temperature effect on the heat conductivities of Berea sandstone 
(p-2.15, <(>-0.162) for different saturating fluids. (Anand, et al, 
1 9 7 4 )
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I
<1** 3
>
u3
■S 2
3  1
X
0
0 100 200 300
Temperature ( °F)
Figure 1-2 The temperature effect on the heat conductivities of Boise sandstone 
(p-1.84, $-0,292) for different saturating fluids. {Anand, et al, 
1 9 7 4 )
-  Dry 
«  Solvent
*  Brine
5The experimental results shown in the Figures 1-1 and 1-2 indicate that the 
temperature effect is small and negligible when the temperature varies from 100 °F to 
150 °Ft which is the temperature range of the temperature measurements discussed in 
Chapter V. Therefore, the temperature effect on the rock heat conductivity will not be 
considered in this dissertation.
1.1.2 Heat C apacity
Heat capacity is defined as the quantity of heat required to raise the temperature of 
a  unit mass of material one temperature degree. The S.l. unit of heat capacity is J/kg-K. 
The metric unit kJ/kg-K is also used. The English unit is Btu/lbm°F. The conversion is 
1 kJ/kg-K -  0.2391 Btu/lbm°F. Table 1.1 also lists the heat capacities of some 
materials.
1.1.3 Volum etric Heat C apacity
Volumetric heat capacity is defined as the quantity of heat required to raise the 
temperature of a unit volume of material one degree. It is the product of the heat capacity 
and the bulk density. The S.l. unit of volumetric heat capacity is J/m3 K. The metric unit 
kJ/m 3 K is also used. The English unit is Btu/ft3,0F. The conversion is 1 kJ/m3 K = 
0.01492 Btu/ft3 oF.
1.1.4 T herm al D iffusivity
Thermal diffusivity is the rate at which heat is conducted during unsteady-state 
heat transfer and is expressed as the ratio of heat conductivity and the volumetric heat 
capacity. The S.l. unit of thermal diffusivity is m2/sec. Other metric units are m2-W/kJ 
and m2/hr. The English unit is ft2/hr. The conversion is 1 m2 W/kJ -  3.6 m2/hr and 1 
m 2/hr -  10.76 ft2/h r.
61.2 SCOPE AND CONTENT OF THE DISSERTATION
During hydrocarbon exploration and production, formation evaluation techniques 
are required to be accurate and cheap, and sometimes to be usable in both open and cased 
wells. These requirements are especially important for searching the overlooked 
hydrocarbon zones in old wells.
Temperature logging, one of the cheapest logging methods, can be used in both open 
holes and cased holes. So far, temperature logging has not been applied to formation 
evaluation. This dissertation will present a  formation evaluation method using the 
formation temperature measurements.
Table 1*1 indicates that the formation thermal properties (heat conductivity and 
volumetric heat capacity) of oil, gas, water, and rock matrices show large differences. 
Based on the differences, a formation evaluation method is developed. The formation 
evaluation method consists of two main parts: the determinations of formation porosity 
and saturations using the formation thermal properties, and the in situ measurements of 
the formation thermal properties.
For the in situ measurem ents of the formation thermal properties, the 
investigation depth is an important factor for the quality of the measurements, 
especially when the measurements are made in a cased well. To estimate the investigation 
depth, lab experiments were conducted in a  large sand container, and some of the 
experiments were made with a  steel plate on the top of the sand to simulate the casing
7effect. The measurement results and discussions are presented in C hapter II. The 
conclusions show that the investigation depth is larger than 3 inches and the steel plate 
effect is negligible when the measuring time is longer than 20 to 40 minutes.
The formation evaluation method based on the formation thermal properties is 
discussed in Chapter III. This method involves two equations for calculating the rock 
heat conductivity and volumetric heat capacity. The rock volumetric heat capacity can be 
accurately calculated using the weighted average method. However, the rock heat 
conductivity is difficult to express with an equation that is practical for rocks saturated 
with multi-phase fluids. Many formulas have been proposed to calculate the rock heat 
conductivity. In Chapter III, these formulas are reviewed and an improved equation 
(based on some of the formulas) is proposed. The improved equation was tested with 
laboratory data and the results show that the calculated heat conductivities of the rocks 
saturated with multi-phase fluids agree with the measured heat conductivities. Then, a 
crossplot was designed to determine the formation porosity and saturations using the 
formation thermal properties.
The in situ measurements of the formation thermal properties are presented in 
C hapter IV. The formation thermal properties are determined by a method similar to 
that used in well pressure testing. Thus, the temperature measurements were designed 
in a  way similar to the pressure testing. A temperature logging tool located at the depth 
of interest in either an open hole or a  cased hole records the temperature during a cold 
fluid circulation, when a  temperature drawdown is recorded, and after the circulation, 
when a  temperature buildup is recorded. The procedures using the recorded data to 
determine the formation thermal properties are described as follows. First, the 
temperature diffusivity equation and the initial and boundary conditions in temperature
8analysis are compared with those in pressure analysis. The comparisons show that they 
are similar. Then, the Laplace transform method, which has been successfully used to 
solve the pressure diffusivity equation, is used to solve the temperature diffusivity 
equation. Third, the Horner method is used to calculated the formation heat conductivity 
based on the solutions of the temperature diffusivity equation. The temperature buildup 
time required for using the conventional Horner method is over 600 hours. This is not 
practical. Thus, a modified Horner method, which requires only a little more than 30 
hours of temperature buildup time, is developed to calculate the formation heat 
conductivity. Finally, the theoretical temperature buildup curves for different thermal 
diffusivities are calculated and the formation volumetric heat capacity is determined by 
comparing the measured and calculated temperature buildup curves.
C hapter V shows the application examples of the formation evaluation method 
using the formation thermal properties. The temperature measurements were taken in 
four intervals of a LSU test well. The formation heat conductivities and volumetric heat 
capacities were calculated using the methods presented In Chapter IV and the formation 
porosities and saturations were evaluated using the crossplot technique presented in 
Chapter III based on the calculated formation thermal properties. The interpretation 
results from the formation thermal properties are compared with the pulsed neutron log 
interpretation results.
The final conclusions and recommendations of the dissertation are summarized in 
C hapter VI.
CHAPTER II
LABORATORY HEAT CONDUCTIVITY MEASUREMENTS
The equipment used for the experiments discussed In this chapter has been designed 
by Howard (1987). The measurements performed by the author were conducted in a 
large container filled with Ottawa sand. A steel plate was set on the top of the sand 
surface in order to simulate the casing effect in the measurements. Five thermocouples 
were also set inside the sand for observing the heat front propagation. The data collected 
by this procedure allows the determination of a  specific depth of investigation for a 
specific time. The results show that the casing effect can be neglected when the 
investigation depth is large enough.
2.1 PREVIOUS WORK
Howard (1987) designed an experimental apparatus used to measure the heat 
conductivity of core. The apparatus consists of a  focused heat source and an electronic 
control panel. As shown in Figure 2-1, the focused heat source contains two heat 
sources, a measuring heater and a guard heater. The measuring heater is a  two-ohm 
nichrome wire resistor cemented in a thin-walled brass cup. The guard heater is a  five- 
ohm nichrome wire resistor cemented in a  thin-walled brass ring. The cement filled in 
between and outside of the heaters is Omega CC high temperature cement. The 
temperature of each heater is measured by three Omega Type T, Style I, "cement on" 
thermocouples. The thermocouples are equally spaced around the outer perimeters of the
9
10
healers near the tool face. The back of the focused heat source Is insulated to minimize 
heat losses in that direction.
Figure 2.1 Thermal response tool (Howard, 1987)
Figure 2*2 is the electronic control panel. The 110 VAC power line is connected 
to the transformers in the upper part of the panel. The output voltages can be regulated 
by the transformers and connected to the heaters by the power outlet. The thermocouples
11
from the heaters are connected to jack panels, and the temperatures of the heaters are 
displayed by digital thermometers.
Figure 2.2 Electronic control panel (Howard, 1987)
The measuring heater can function as a  focused heat source. The focusing effect 
reduces extraneous heat losses from the measuring heater and ensures that the 
measuring heat is focused into the core sample. The focusing effect is shown 
schematically in Figure 2*3. The procedure to ensure the focusing effect is as follows: 
during the measurement, a  constant voltage is supplied to the measuring heater; thus a 
constant heat flux is generated from the surface of the brass cup. The guard heater is also
12
supplied with a  voltage to generate a guard heat flux. The voltage supplied to the guard 
heater Is regulated manually in order to make the guard heater temperature equal to the 
measuring heater temperature. Thus, the temperature of the guard heater follows the 
temperature of the measuring heater. Therefore, the measuring heat cannot travel in the 
radial direction and can only go in the axial direction.
V n
jyyyN  jv v v ^ ^ w w v v s  
U  IVAna
Tm
Figure 2.3 Focusing effect (Howard, 1987)
Figure 2-4 shows the heat conductivity measurement in a sandstone core. The
13
temperature of the measuring heater is recorded every minute. The total measuring time 
is dependent on the voltage of the measuring heater.
.Tq ,T«
r n  r-i
JToolfi 
oontM
s
■diabolic
turfaco
: undotono: 
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Figure 2-4 Experimental apparatus (Howard, 1987)
The surface temperature of sandstone core can be predicted from the following 
expression (Carslaw and Jeager, 1958):
T . -  T« + ?S2.(ai)2  
Ak '
( 2 - 1 )
14
where T , and T0 are the surface temperature and the initial surface temperature of the 
sandstone core, respectively; q0 is the heat flow rate applied by the measuring heat 
source; A is the effective cross-section area of the measuring heat source; k and a  are 
the heat conductivity and thermal diffusivity of the sandstone core, respectively; t is 
time.
Therefore, a  plot of temperature vs. the square root of time can be made from the 
measurement data. The data on the plot show a straight line. From the slope of the 
straight line, the heat conductivity of the measured sample can be calculated using the 
following equation:
[1.13 q m ] 2
- d ^ A .
.d v r
c p
w here  k is the conductivity, Btu/min-ft-°F; q m is the measuring heat flow rate,
Btu/min; is the slope of the temperature response, °F/Vmin; Ae is the effective 
dVt
area, ft2; c is the heat capacity, Btu/lb-°F; p is the bulk density, Ib/ft3-
2.2 HEAT CONDUCTIVITY MEASUREMENTS
2.2.1 Measurements In a Large Sand Container
New measurements were undertaken to measure the propagation of the heat front 
inside a  large sand container. Ottawa sand was used in the measurements. The porosity of 
the sand was measured 0.40. Five thermocouples were set in the center of the sand, and
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the thermocouples were positioned at 1", 2", 3”, 4" and 5" below the sand surface. 
Figure 2*5 shows the experimental apparatus and the arrangem ent of the 
thermocouples.
15" TV H M 
TV W Tg Tm Tool hcM iod 
'contact
thermocouples
[ Plastic 
container
Ottawa sand
Figure 2-5 Thermal measurements in a large sand container
The experiments were made for different measuring heater voltages and with wet 
and dry sands. The measuring heater initial voltages used were 4, 6 , 8 and 10 volts. 
Appendix A-1 shows all the measurements.
2.2.2 Heat Conductivity Determination
From the measurements, the heat conductivity of the sand and heat front flow inside
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the sand can be obtained. Figure 2-6 shows the measurements when the measuring 
heater initial voltage is 6 volts and the sand is dry. The porosity of the sand is about 
40%. The surface temperatures shown in this figure have a good linear relation with the 
square root of time.
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Figure 2-6 Temperature measurements in dry sand at Vmi=6 Volts
From Equation 2-2, the heat conductivity of the sand can be calculated. In this 
experiment, the average measuring heater voltage is 5.3 votts, and the average current 
is 2.35 amps. Therefore, the measuring heat flow rate q m is 12.5 W or 0.71 Btu/min. 
The temperature slope at the sand surface is 47.2 °F/Vmin. From Figure 2-7, the 
effective area Ae  is found to be 0.049 ft2 . Table 2-1 lists some properties of 
sandstone components. From this table the sand heat capacity c and bulk density p can be
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calculated by using the weighted average method. Thus, the sand heat capacity c is 0.180 
Btu/lb'°F, and the sand bulk density p is 99.03 lb/ft3. The sand heat conductivity k  from 
the Equation 2-2 is 0.70 W/m-K. Table 2-2 lists the heat conductivities calculated 
with the same procedure for different measuring heater voltages and for both dry and 
wet sands.
Vm
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r»
Tm
Tb
r ,  = (2.125+ .875)/2  
-1 .5  Inches
A .=  n (1.5)2 =7.069 In2 
=0.049 f t2
Figure 2-7 Effective area (Howard, 1987)
Table 2-1 Properties of sandstone components (Howard, 1987)
Component Density
Ib/ft3
Heat Capacity 
Btu/lb-OF
solid 165 0 .18
water 62 .4 1.0
a ir 0.071 0.24
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Table 2-2 The heat conductivities calculated from experimental data for Ottawa sand
Sand
type
Initial
voltage
(volts)
Average
voltage
(volts)
Average
current
(am ps)
flm
(B tu/m in)
Slope
(°F/Vmin)
Heat
conductivity
(W/m-K)
dry 4 3.3 1.74 0.33 21.6 0.72
dry 5 4.2 2.05 0.49 33.0 0.68
dry 6 5.3 2.35 0.71 47.2 0.70
dry 7 5.8 2.65 0.88 58.0 0.71
dry 8 6.8 3.00 1.17 76.9 0.72
dry 1 0 7.0 3.20 1.28 80.0 0.79
average 0 .7 1
s tan d a rd  e rro r 0.01
wet 4 3.0 1.56 0.27 6.3 2.36
wet 5 4.0 1.81 0.41 10.0 2.17
wet 6 5.6 2.53 0.81 20.1 2.10
wet 7 5.8 2.64 0.88 20.4 2.40
wet 8 7.1 3.23 1.31 31.1 2.29
wet 1 0 8.8 3.94 1.98 46.8 2.31
average 2 .3
s tan d a rd  e rro r 0.1
For dry sand, the calculated sand heat conductivities for different measuring heater 
voltages show a small standard error (with the exception of the heat conductivity when 
the initial voltage is 10 V). The average value (0.71 W/m-K) of all the heat 
conductivities (except the heat conductivity when the initial voltage is 10 V) should be 
the measured heat conductivity of the dry Ottawa sand. For wet sand, all the calculated 
sand heat conductivities are very near, and the measured heat conductivity of the wet 
Ottawa sand is 2.3 W/m-K. The standard error of the average dry sand heat conductivity
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is 0.01 W/m-K, and the standard error of the average wet sand heat conductivity is 0.1 
W/m-K. Therefore, the measured heat conductivities of dry sand and wet sand have small 
errors and are reliable.
2.2.3 Heat Front Propagation Inside the Sand
The understanding of the heat propagation inside the sand is useful for estimating 
the time necessary for the heat front to reach a given depth. This is especially important 
when the temperature measurement is taken in a cased well. If the detecting depth is 
large enough, the casing effect is small and can be neglected.
From the temperature measurements (Figure 2-6) at the surface, and at 1N, 2”, 
3", 4", and 5" below the surface, the heat front propagation inside the sand can be 
estimated. Here, the heat front propagation time inside the sand is defined by the time 
required to raise the temperature 1 °F  at the position where the measuring 
thermocouple is set. That is, the threshold is defined as 1 °F, which is the sensitivity of 
the measuring apparatus. Figure 2-8 shows the approximate heat front propagations 
inside both the dry and wet sands when the applied initial voltage is 6 V. This figure also 
shows the approximate heat front propagation inside both the dry and wet sands when a 
steel plate was added to the top of the sand surface. The steel plate effect will be discussed 
in the next section. The heat front propagation times for other initial voltages of both dry 
and wet sands are shown in Table 2-3.
Figure 2-8 shows that the relation between the heat front propagation depth 
inside the sand and the propagation time is almost linear. The propagation time for the 
heat front to spread 3 inches is about 15 minutes for wet sand and about 38 minutes for 
dry sand.
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F ig u re  2*8 Heat front propagation inside the sand at Vmi-6V (1°F threshold)
2.3 STEEL PLATE EFFECTS ON THE MEASUREMENTS
2.3.1 D escription of the  Steel Plate Effect
In most practical measurements, the temperature logging is run in cased wells. For 
this type of well, the effects of the casing and cement around the well should be 
considered.
A steel plate was placed between the tool and the sand surface in the experiments 
for simulating the effects of the casing. The effects of the cement is not considered in the
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experiments because the thermal properties of the cement and formation do not differ 
greatly, and, consequently, the effect of the cement is small. Figure 2-9 shows the 
sand surface temperature measurements with 1/4" steel plate and 1/8" steel plate.
Table 2-3 Heat front propagation times inside the sand (1°F threshold)
Sand type Initial Heat front travel time (minutes) at
voltage 1"deep 2" deep 3" deep 4" deep 5" deep
(volts)
dry 4 11 27 45 65 91
dry 5 11 24 39 58 85
dry 6 • 9 20 33 46
dry 7 11 19 38
dry 8 10 20 41 _
dry 1 0 7 15 29 _
average 1 0 21 3 8 5 6 8 8
s ta n d a rd  e rro r 1.6 4.2 5.7 9.6 4.2
wet 4 6 12 22 30 44
wet 5 4 8 12 16 21
wet 6 * 4 1 0 1 5 2 2 2 8
wet 7 3 4 15 19 28
wet 8 3 6 9 12 25
wet 1 0 3 7 11 18
average 4 8 1 4 2 0 2 9
s ta n d a rd  e rro r 1.2 2.9 4.6 6.1 8.8
* The measurements for initial voltage -  6V are plotted in Figure 2-8
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Figure 2*9 Effect of steel plate thickness
The effect of steel plate thickness was not found to be very important, because the 
heat conductivity of steel (see Table 3-1) is very high. The measurements were made 
at the same initial measuring heater voltage. The comparison of the measurements shows 
that these two curves are almost overlaying in the first 25 minutes and only some small 
differences exist after 25 minutes. Thus, the effect of the steel plate thickness is small.
When a  steel plate is placed between the tool and the sand surface, the heat focusing 
effect will not be as  good as the focusing effect shown in Figure 2-3. In this case, the 
heat paths in the steel and sand are schematically drawn in Figure 2-10.
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Figure 2-10 Schematic drawing of heat paths in the sand with steel plate
Because the heat conductivity of the steel plate is much higher than that of the sand, 
most of the guard heat goes along the steel plate instead of going into the sand. 
Consequently, the guard heat cannot focus the measuring heat efficiently. In this case, the 
effective area from Figure 2-7 is not valid for calculating the sand heat conductivity 
from the Equation 2-2 . Because the measuring heat expands in the radial direction, 
the area covered by the measuring heat increases and the effective area Ae is also larger 
than the Ae  without the steel plate effect.
Figure 2-11 and 2-12 show the measurements in dry sand and wet sand with a
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1/8” steel plate when the initial measuring voltage is 6 volts. The temperature vs. the 
square root of time does not plot along a  straight line as shown previously. The slope of 
the surface temperature decreases very fast with the increase of time, indicating that 
the effective area Ae changes with time. The reason for the changes of the effective area 
Ae  is that the measuring heat cannot be fully focused into the steel plate and sand 
directly. E quation  2-2 indicates that the effective area will increase with time 
because the slope of the curve representing the surface temperature will decrease. 
Therefore, the description of the heat paths in the sand with the steel plate effect is 
verified from the measurements shown in Figures 2-11 and 2-12 and Equation 2- 
2 .
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Figure 2-11 Temperature measurements with a 1/8” steel plate in dry sand
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Figure 2-12 Temperature measurements with a 1/8" steel plate in wet sand
The heat conductivity of the sand with the steel plate effect cannot be calculated by 
Equation 2-2 because the slope of the surface temperature vs. the square root of time 
is not linear. If a  powerful guard heater is applied and the measuring heat can be focused 
to directly enter the steel plate and the sand, the measurements should be usable for 
calculating the heat conductivity of the sand with the steel plate. An effective heat 
conductivity concept wilt be discussed next to describe the steel plate effect on the 
measured heat conductivity when a  good focusing can be achieved.
2.3.2 Effective Heat Conductivity
Effective heat conductivity is defined here as the heat conductivity of a mixture of
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steel plate and sand. F igure 2-13 illustrates the definition of the effective heat 
conductivity. This concept is useful for the quantitative analysis of the steel plate effect 
in the experiments.
heat flow
h»f) + hwnd m h»f| + htnd
K« kiM kund
Figure 2-13 Illustration of the concept of effective heat conductivity
When the heat front reaches 3 inches below the surface and the steel plate 
thickness is 1/8 inch, the density p and heat capacity c  of the steel and sand mixture can 
be calculated by the weighted average method. The density p is 139.2 lb/ft3, and the heat 
capacity c is 0.311 Btu/lb-°F. Thus, the volumetric heat capacity pc  is 43.29 
Btu/ft3 o F
For the same sand, the density p and heat capacity c  without a  steel plate are 124
tb/ft3 and 0.345 Btu/lb°F, respectively. The volumetric heat capacity pc Is 42.78
Btu/ft3 oF.
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The volumetric heat capacity of the steel and sand mixture is nearly equal to the 
volumetric heat conductivity of the sand when the heat front reaches 3 inches into the 
sand. Thus the steel plate effect is not important in this case.
The volumetric heat capacity is used in the effective heat conductivity ke 
calculation. When the heat front reaches a  depth of 3 inches below the surface, the 
volumetric heat capacity is affected very little by the steel plate. Consequently, the 
effect of the steel plate on the k# calculation is negligible in this case.
2.3.3 Heat Front Propagation Inside the  Sand
Table 2-4 lists the heat front propagation times Inside the sand with a steel 
plate. The numbers listed in this table are not very accurate because the thermocouples 
used to measure the temperatures inside the sand are not very sensitive. However, these 
numbers are good for the estimation of heat front propagation times.
For wet sand, the propagation time for the heat front to enter 3M deep into the sand 
is about 20 minutes when the measuring heat Is large enough. For dry sand, it takes 
about 70 minutes to enter 3” deep into the sand. The heat front propagation inside the 
dry sand is slower than the heat front propagation inside the wet sand. The sand 
properties are important for the heat propagation. The heat propagation times inside the 
sand with the steel plate effect when the initial voltage is 6V are also plotted in Figure 
2-8. The measurements for the wet sand are not stable and can only be taken as a 
reference.
In summary, the steel plate on the top of the measured sand disturbs the focusing
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effect when measuring the sand heat conductivity. This causes an increase of the effective 
area A , of the measuring heat because the focusing effect is not efficient. When the heat 
front reaches 3 inches inside the sand, the effect of the steel density for the calculation 
of k# is negligible. The heat front propagates 3 inches inside the sand in about 20 
minutes for a  wet sand and in about 70 minutes for a dry sand.
Table 2-4 Heat front propagation times inside the sand with a steel plate 
(1°F threshold)
Sand type Initial Heat front travel time (minutes) at
voltage 1“ deep 2" deep 3" deep 4" deep 5" deep 
(volts)
dry 4 48 80
dry 5 49 65
dry 6 2 8 4 7 6 6
dry 7 39 71 _
dry 8 24 45 72 1 11
average 
s ta n d a rd  e rro r
3 8
11.4
6 2
15.2
6 9
4.2
1 1 1 
0
—
wet 4 7 9 12 42 63
wet 5 9 17 31 42
wet 6 9 1 3 4 4 4 7 5 2
wet 7 6 10 14 18 20
wet 8 6 10 15 18 23
average 7 1 2 2 3 3 7 4 0
s ta n d a rd  e rro r 1.5 3.3 13.9 14.2 21.3
When the measuring heater area is very large, better measuring heat focusing 
results can be expected at the center of the measuring heater. The outside of the
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measuring heater will also help the guard heater to enhance the focusing effect in the 
center of the measuring heater. The surface temperature at the center should change 
linearly with the square root of time. The effective heat conductivity k* can be calculated 
from the slope of the surface temperature versus the square root of time plot. The 
calculation results shown above indicate that the effect of the steel plate on the effective 
heat conductivity ks  Is negligible when the heat front reaches 3 Inches below the 
surface.
When a well Is heated up (hot water injection) or cooled down (cold mud 
circulation), the well can be treated as infinitely long and the measuring heat source 
area treated as infinitely large. Consequently, the focusing effect is good and the 
measuring heat can enter the formation radially. About 20 to 40 minutes is required for 
the heat front to pass the casing and enter 3 inches of the formation. After this period of 
time, the casing effect on the formation temperature is small and can be neglected.
2.4 CONCLUSIONS
a. The Howard's apparatus was used to measure the heat conductivity of sand In a 
large container. The calculation results using the measurements show that the heat 
conductivity of dry Ottawa sand is 0.71 W/m-K and the heat conductivity of wet Ottawa 
sand (assuming 100% saturated with water) is 2.3 W/m-K.
b. The heat front propagation speed inside the dry sand varies from 3 inches per 45 
minutes to 3 Inches per 29 minutes. The average value is about 3 inches per 38 
minutes. The heat front propagation speed inside the wet sand varies from 3 inches per
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22 minutes to 3 inches per 9 minutes. The average values is about 3 inches per 14 
minutes.
c. After a steel plate is added on the top of the sand for modeling the casing effect, 
the heat focusing cannot be completed. The effective area of measuring heat becomes 
larger than the effective area of measuring heat without the steel piate because the 
measuring heat cannot be directly focused into the sand. The relation between the 
measured surface temperature and the square root of time is not linear and cannot be 
used to calculate the heat conductivity by using Equation 2*2.
d. With the steel plate effect, the heat front propagation speed is about 70 minutes 
per 3 inches inside the dry sand and about 20 minutes per 3 inches inside the wet sand.
e. When the heat front propagates more than 3 inches, the effect of the steel plate 
on the effective heat conductivity Ks  is small and can be neglected.
f. If the area of the measuring heat source is very large, the focusing effect can be 
improved at the center of the measuring heater. Therefore, when the heat front 
propagates more than 3 inches, the effect of the steel plate can be neglected at the center 
of the measuring heat source area.
CHAPTER III
FORMATION EVALUATION BY ROCK THERMAL PROPERTIES
Much work has been done to express rock thermal properties {heat conductivity 
and volumetric heat capacity) In terms of the mineral composition, porosity and fluid 
saturations. The volumetric heat capacity of rock can be accurately calculated by the 
weighted average method (Somerton, 1958). Several formulas have been proposed to 
calculate the heat conductions. An improved equation Is presented in this chapter.
A method to determine the rock porosity and saturations with the rock volumetric 
heat capacity and conductivity equations is also developed in this chapter. The crossplot 
technique used in conventional log interpretation can be used for the determination of 
porosity and saturations. This technique provides a fast and convenient method for 
formation evaluation using rock thermal properties. The determination of formation 
thermal properties will be described in Chapter IV, and the application of crossplots 
in formation evaluation will be discussed in Chapter V.
3.1 VOLUMETRIC HEAT CAPACITY EQUATION
Somerton (1958) studied heat capacities of eight sedimentary rocks. These rocks 
were taken from cores which were obtained in or near producing zones. He concluded that 
the volumetric heat capacity (pbc^) of the fluid-saturated porous rock can be expressed
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as mass-weighted sums of the heat capacities of individual rock components (solid, 
liquid, gas). This relation is an extension of Kopp's law for heat capacities of chemical 
compounds (Somerton, 1958) and may be written as:
pbCb ■ (l * ♦ jpmaCma + 4>SwpwCw + $SopoCo + <|)SgPgCg ( 3 " 1 )
where cma, c0 , cw and Cg are the heat capacities of the rock matrix, oil, water, and 
gas; pma, pQl pw and pK are the densities of the rock matrix, oil, water, and gas; SQ, Sw 
and SK are the saturations of the oil, water, and gas; $ is the porosity of the rock.
The heat capacity of the rock matrix (solid) c ma can be calculated accurately from 
the mineral composition by using the weighted average method. The heat capacity of 
porous rock calculated by Equation 3-1 has very good accuracy.
3.2 HEAT CONDUCTIVITY EQUATIONS
3.2.1 S eries  And Parallel Models
Heat conductivity of porous rock can be affected by many factors and is similar to 
the resistivity of porous rock. The resistivity of porous rock is not only dependent on 
rock porosity and fluid saturations, but is also dependent on the rock structure or 
formation factor. Many models of the rock heat conductivity calculation were proposed 
by research workers. Most of the models were developed for two-phase porous rock, i.e., 
one consisting of a single matrix component (subscript ma) and a single saturating fluid 
(subscript f) In the pore space.
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In sedimentary rock, the heat conductivity of the rock matrix is larger than the 
heat conductivity of the saturating fluid. The rock matrix and the saturating fluid can be 
assumed in series or In parallel, which is shown in Figure 3*1.
q (se rie9 )
m atrix
q (parallel)
! - ♦
flu id
Figure 3-1 Heat conduction model for both series and parallel cases
For series distribution, in which the two phases are thermally in series with 
respect to the direction of heat flow, the heat conductivity is:
* .  -  Km,„ -  r r — f a f f  . , ( 3 - 2 )
[<|> km* + (1 -$ ) kf]
For parallel distribution, in which the two phases are thermally in parallel with 
respect to the direction of heat flow, the heat conductivity is:
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ka ■ kmu * <(► kf -§- ( 1 -$) km* ( 3 - 3 )
3.2.2 S eries  And Parallel Mixture Model
The heat conductivity of real rock should be between kmax and km|„ because the 
rock matrix and rock porosity are distributed in a mixture of series and parallel paths. 
The model for real rock is shown in Figure 3-2. In this case, the heat conductivity is:
k .  -  akf + bkma + j 1 '  -a  '
(1 - d) km■ + dkr ( 3 - 4 )
direction of heat flow
w l - d1
mat r ix
fluid
Figure 3-2 Heat conduction model for mixture case
This equation is impractical, however, since the constants a , b and d are not
known. Therefore, other equations usable in practice should be derived.
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3.2.3 Weighted Geometric Mean Model
The series distribution (minimum k) corresponds to the weighted harmonic mean 
of the matrix and fluid conductivities. The parallel distribution (maximum k) 
corresponds to the weighted arithmetic mean of the matrix and fluid conductivities. 
Therefore, the weighted geometric mean of the matrix and fluid conductivities should be 
a  value between the km|n and the kmax and could be one method that is usable to 
calculate the rock heat conductivity. The weighted geometric mean can be written as:
Asaad (1955) has proposed an empirical relationship that is very similar to the 
geometric mean model. Asaad's equation is:
where Nsn4> and n=1. If n r l ,  Equation 3-7 is identical to Equation 3*5.
( 3 - 5 )
or
log k«- <> log kf + (1 - $) log kma ( 3 - 6 )
( 3 - 7 )
3.2.4 Maxwell's Equation
Maxwell's equation (1904) for the electrical conductivity of a random distribution 
of solid spheres may be shown to be equivalent to:
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It, B Iq 2<t>k> t (  3 • 2<t>) kmi
( 3 - 4>) kf + 4*km« .
{ 3 - 8 )
This equation Is only applicable when $ is large, since it was derived on the 
assumption that the solid spheres are far enough apart that they do not mutually 
interact.
Eucken (1932) generalized Maxwell's equation to the case of n dispersed phases 
and one continuous phase and applied the resulting equation to the thermal conductivity 
calculation.
3.2.5 De Vries' Equation
De Vries (1952) has applied Maxwell's equation to ellipsoidal particles for the 
calculation of unconsolidated soil thermal conductivities. De Vries' equation is:
I, _ $k f - (l - 4*) Fikm. ( 3 - 9 )
where
and
3
XB. - 1
The factor F 1 represents the ratio of the average temperature gradients in the
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continuous and dispersed phases. The factors g | are particle shape factors. Spherical 
particles are indicated by g is g 2sg3s i/3 . Oe Vries chose g-|=g2=1/8 and g3=3/4 
in the F-| calculation, which corresponds to particles having the shape of ellipsoids of 
revolution with a  major axis six times the minor axis.
3.2.6 Kunii And Sm ith 's Equation
Kunii and Smith (1960) have extended the work of Yagi and Kunii (1957) on 
packed beds and proposed the following equation:
£ * - - 0  + — -■■■' * — ■■■ ( 3 - 1 0 )
kf  e + 2 .  —I-
3  km»
where
e2 + ~ 0 - 2 5 9 ) ( e i  - e2)
0 .2 1 7
Kunii and Smith plotted the values of the parameters ej and e2 as functions of 
kma/kf. This equation is valid for the heat conduction of an unconsolidated granular 
material. Radiation and heat conduction through the grain contacts must be negligible.
3.2.7 Wyllle And Southw lck'a Equation
Wyllie and Southwlck (1961) have proposed a modified resistor model that looks 
the same as Figure 3-2; the equation of this model is also the same as Equation 3-3. 
The conductivity of the model is:
k«  ------ c kmrfcf--------+ bkm« + aki
k n ,4 l - d ) +  d k ,
(3 - 1 1 )
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where
a + b + e ■ 1
3.2.8 W oodalde And M easm er's C onclusions
Woodside and Messmer (1961) have performed some experiments in which they 
compared the above heat conductivity calculation equations with the experimental data. 
Figure 3*3 shows the comparison. From this comparison, they reached the following 
conclusions:
a  The geometric mean equation overestimates the effective conductivity when 
km a/kf exceeds about 20.
b. Maxwell's equation underestimates the effective conductivity.
c. De Vries' equation and the equation of Kunii and Smith both show fair agreement 
with the observed values.
d. The modified resistor model results (a is not determined electrically, but a=<|>
• 0.03) agrees with the observed values.
3.3 AN IMPROVED HEAT CONDUCTIVITY EQUATION
3.3.1 Im proved Equation
Many other heat conductivity equations have also been proposed. Almost all of them 
were derived by the data fitting method. These methods have some limitations; that is, 
they can only fit well for one kind of rock data. In reality, the effective heat conductivity
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is dependent on many factors; one of these factors that does not show in most of the 
effective conductivity equations is the rock structure effect. As shown in Figure 3-2, 
if two rocks have the same porosity but have different structures, the volumes of matrix 
and liquid in parallel and series should be different for these two rocks. Thus, the 
effective heat conductivities should be different.
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Figure 3-3 The comparison of some heat conductivity equations 
(after Woodside.1961)
Somerton (1974) found that the n in Asaarfs equation is not equal to 1 and is 
usually larger than 1. A plot based on Assad's equation is made as shown in Figure 3-4
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for n varying from 0.6 to 2.0, which corresponds to a porosity smaller than 50%. 
Therefore, for different rock structures, different curves can be used to calculate the 
effective heat conductivities.
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Figure 3.4 Heat conductivity ratio versus porosity using Asaad's equation with 
different n values
For practical uses, a  multi-phase fluid saturation of the rock should be considered. 
Consequently, Asaad's equation should be modified. Burger et al. (1985) suggest an 
equation tor multi-phase fluids. The equation is:
k. - l i11-*-*-' -kJN ( 3 - 1 2 )
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where kw is the rock heat conductivity when S ws l ,  and ko and kg are the heat 
conductivities of oil and gas, respectively.
Latil(1980) proposed another equation for multi-phase fluids. Lath's equation Is:
k« -  km a 1 ^  (kwSw + koSo + kgSg)* ( 3 - 1 3 )
Based on Asaad's and Latil's equations, an equation that will be available for
considering both rock structure effect and multi-phase fluids can be constructed.
k | ■ km if1 (kwSw + keSo + kgSg) ( 3 - 1 4 )
The constant n in this equation is usually larger than 1 and may vary from 1 to 2; 
it should be determined by core analysis for a  certain area.
3.3.2 C alculation Example
Table 3-1 provides the heat conductivity calculation results and lists the 
comparison between the calculated heat conductivities and the measured ones using 
Equation 3-14. The data used in this table is from Somerton, Keese and Chu(1974).
The constant n used is 1.5. Table 3-1 also shows the percentage of errors from the
calculated heat conductivities for most of the data is within 10%. This percentage should 
be accurate enough for the log interpretation presented in the later part of this chapter. 
Figure 3-5 shows the comparison between the calculated heat conductivities and the 
m easured ones listed in Table 3-1. This figure shows that the calculated heat 
conductivities fit the measured values very well. The estimated standard error is only
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0.0785 Btu/ft-hr-°F.
Table 3-1 Heat conductivity calculations by Equation 3-14 with n-1.5 (data from
Somerton, et al, 1974)
r Measured | uaiculatea r ' 1 1
Qraln | water oil air Thermal I Thermal
size saturation Saturation uonductivitv fcrrors
m fln.1 (fraction) (fraction) (fraction) BtuVft-hr-F Btu/ft-hr-F (percent)
374 to 0.3 0.033 0.51 0.23 0.26 1.03 1.10 6.60
360 0.20 0.61 0.31 0.08 1.12 1.24 10.87
0.3 “ 5 .8 6 .4 ? 0 .19 1.12 1.18 4.93
0.32 0.37 0.26 0.37 0.91 0.88 2.79
0.33 6 .t8 0.22 0.6 6.83 6.64 24.91
0.31 6 .9 a 0.44 0 .4 8 6 .6 5 6.87 2.90
0.31 0.5 0.32 0.18 1.08 1.05 2.50
0.3 6.8 0 6 .4 1.15 1.14 1.11
0.29 6.6i 0 0.19 1.28 1.35 5.11
0.3 6 .6 7 0.29 0 .8 4 0.72 0.62 13.97
0.28 0.6 0.26 0 .t4 1.15 i .28 49.3S
0.31 0.1 0 3 0.7 6.67 0.60 10.20
0.28 0 0 1 6.9e 0.41 12.67
0.28 1 0 0 1.42 1.53 7.42
339 to 6.34 6.01 0.34 6.94 0.62 0.92 0.83 9.43
550 0.33 0.29 0.67 0.04 0.83 0.84 0.70
0.33 0.37 0.62 0.61 0.9 0.90 0.24
~ 5.95 6.94 0.95 0.11 0.93 0.78 16.18
6'.99 639' 0.61 0.66 0.9 0.86 4.24
0.33 032 0.56 o .t i 0.93 0.84 9.15
0.3 6 .4 6 6.46 0.45 0.91 0.94 2.82
0.3 0.28 0.34 0.98 0.9 0.90 0.33
0.35 0.08 0.53 0.39 0.63 0.52 18.12
0.31 635 — 5.52 0.43 0.8 6.86 7.36
0.31 0.77 0 0.43 f,31 t.4 i 7.81
0.31 0.76 0 0.24 1.29 1.20 6.62
0.33 0.78 0 0.22 1.22 1.12 8.13
6.31 0.95 0 6.0S 194 1.33 0.79
0.32 0 0 1 0.3 0.29 3.97
0.31 1 6 0 1.38 f.36 1.44
614 to 031 0.0116 6748 6.44 67T 6.64 1 .6 4 10.43
617 0.32 0.46 0.41 0.13 0.91 0.99 8.36
0.35 6.37 0.43 o.4 0.86 0.79 8,55
' 6.55 0.54 0.4 0.66 6.89 6.87 5.96
TT34 6.38 6.48 0.16 0.9 0.93 2.89
0.34 6.97 0 0.14 9.19 1.13 4.77
6.93 0.07 0.94 6.8't 6.8s 0.52 7.74
032 0.13 0.39 0.48 0.67 0.65 2.56
032 0.05 6.25 0.7 0.59 " "536 15.49
6.99 6.65 0 6.93 9.97 1.03 12.00
0.3 0.71 0 0.29 1.31 1.22 6.81
035 0.92 0 0.08 1.16 1.12 3.50
W 4 638" 0 6.94 4-13 1.01
037 0 0 1 0.27 0.19 30.43 |
034 i 6 6 1.2 1 4 1 1.06 |
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Figure 3-5 Comparison between calculated and measured heat conductivities
3.4 ROCK POROSITY AND SATURATION EVALUATION METHOD
3.4.1 Heat conductivity va volumetric heat capacity crossplot
Crossptot techniques are widely applied in conventional log interpretation. Here, a 
heat conductivity vs. volumetric heat capacity crossplot technique is developed for 
formation interpretation.
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The porous rock volumetric heat capacity equation (Equation 3-1) and heat 
conductivity equation (Equation 3-14) may be rewritten as:
pbCb " ( l  ■ (>]piniCm( + $SwpwC* + (iSopaCo + $SgpgCg ( 3  - 1 )
k« ■ kmJ1 (kwSw + keSo + kgSg)1* ( 3 - 1 4 )
Equation 3-14 can also be written as:
log k . -  (1 - nip) log km> + nip log (k0S 0 + kwS w + kgS g) ( 3 - 1 4a )
The material balance equation is:
So + Sw + Sg ■» 1 ( 3 - 1 5 )
In the above three equations (Equations 3-2, 3 -14a, 3-15), there are four 
unknowns: <p, S Q, S w, S g. These four unknowns cannot be determined with three 
equations. It will be assumed that the Oil saturation S Q and gas saturation S g a re  
combined as a  hydrocarbon saturation Sj,. Therefore, the three equations become:
PbCb ■ (1 - 4>)pmaCma + (pSwpwCw + ipShphCh ( 3 - 1 6 )
log k« -  (1 - mp) log kma + mp log (knSh + kwSw) ( 3 - 1 7 )
Sh + Sw “ 1 ( 3 - 1 8 )
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Equation 3*18 can be rewritten as:
S w -  1 - Sh ( 3 - 1 8 a )
Substituting Equation 3-18a Into Equations 3-16 and 3-17 and rearranging 
these two equations, we obtain:
4> .  ________ PbCb - pmaCma_________  ( 3 - 1 9 )
Sh(phCh - pwCw) - (pmaCma - pwCw)
and
4 .  ___________ lo g  ka - lOQ kma____________  ( 3 - 2 0 )
n {log [S^kh - kw) + kw] - log kma}
The right side of Equation 3-19 equals the right side of Equation 3-20. The 
result is:
___________ pbCb - PmaCma____________    log k ,  - log kma____________
Sh(phCh - PwCw) - (pmaCma - pwCw) n {log [Sf/kh - kw) + kw] - log kma)
( 3 - 2 1 )
In Equation 3-21, the only unknown is S |,. Sj, can be solved by numerical (trial 
and error) method. When Sh is obtained, the porosity $ can be calculated from 
Equation 3-19 or 3-20 by entering the S |, value. Also, S w can be calculated easily 
by Equation 3-18a. This procedure can be used in computerized log interpretation.
A simple way to obtain a  graphical solution Is to use the crossplot technique. A
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semi-log crossplot can be constructed to find the solutions. The abscissa of the crossplot 
is the volumetric heat capacity in linear scale, and the ordinate is the heat conductivity 
in log scale. After entering the proper values of pma, c ma, ph , c ht pw, cw, c, kma, kh 
and kw, and setting equal to a  certain value, a  set of p^ct, and kQ values can be 
calculated by varying the value of +. Then this procedure is repeated again by setting 
another value of S |,. Finally, many calculated p b ^  and ke  values for different Sj, and 4* 
can be obtained. These calculated data are, then, plotted into pbCb versus ke  in a  semi­
log plot. An interpolation between the points with the same Sf, and $ values gives two sets 
of curves, as shown in Figure 3-6.
•01+——   —   +— -------
0 1 0 0 0  2 0 0 0  3 0 0 0  4 0 0 0
Volumetric heat capacity (kj/m3 K)
Figure 3-6 Heat conductivity vs. volumetric heat capacity crossplot (air)
Figure 3-6 is the heat conductivity versus volumetric heat capacity crossptot
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for the following input data:
Pma-2650 kg/m3 
ph- 1.02 kg/m3 
pw-999.8 kg/m3 
n -1 .5
cma«0.74 kJ/kg-K 
c h-1.005kJ/kg-K 
Cw-4.182 kJ/kg-K 
h - a l r
kma-7 .7  W/m-K 
kh-0.0257 W/m-K 
kw-0.602 W/m-K
Appendix 2 shows a set of the crossplots for different n values (varying from
1.0 to 1.8). The hydrocarbon saturation Sh and other parameters (ph, Ch> kf,) were 
assumed as those of air, natural gas, and crude oil.
3.4.2 Exam ple
Table 3-2 lists part of the data from Table 3-1. The interpretation results 
using the crossplots are shown in the table. F igures 3-7 and 3-8 show gas(air)- 
water points and oil-water points on the crossplots, respectively. F igures 3-9, 3- 
10 and 3-11 show the comparison between measured values and calculated values. The 
calculated results agree with the measured values.
3.5 CONCLUSIONS
a. An improved heat conductivity equation of porous rock was developed based on 
Asaad's and Latil's equations.
b. By varying the n values, the improved equation can be used to calculate the heat 
conductivity for porous rocks In different areas.
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c. The calculated heat conductivities using the improved equation agree wilh the 
measured values from Somerton et al. (1974).
d. A crossptot was computed using the calculation equations for thermal properties 
of porous rock. This crossplot can be used to evaluate formation porosity, hydrocarbon 
and water saturations by entering the heat conductivity and volumetric heat capacity of 
the formation.
e. A set of the crossplots for different constants n are shown in Appendix 2. The 
data from Somerton et al. (1974) were used again to show the use of the crosspiots. The 
results obtained using the crossplots agree with the experimental data.
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Volumetric beat capacity (kJ/m3 K)
Figure 3-7 Interpretation example using the crossplot (air) 
(data from Somerton, et al, 1974)
Volumetric heat capacity (kj/m3 ■ K)
Figure 3-8 Interpretation example using the crossplot (oil) 
(data from Somerton, et al, 1974)
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Table 3-2 Calculation results from the crosspk>ts(data from Somerton et al.,1974)
Measured Calculated Measured Calculated Measured Calculated
Measured Calculated water water oil oil air air
Depth Porosity Porositv Saturation Saturation Saturation Saturation Saturation Saturation
W fraction) fraction) (fraction) (fraction! (fraction! (fraction) (fraction) (fraction)
37410 0 3 0.51 0.59 0.26 -- 0.26 0.41
380 0.29 o i l 0.61 0.56 O il 0.44 0.08 --
6i 031 0.6 0.54 0.27 6.46 0.13 -
0.32 0.32 037 0.46 0.26 -- 0.37 0.54
0.33 0.29 0.18 0.22 0.22 - 0.6 0.78
0.31 0.3 0.28 0.14 0.44 0.86 0.28 -
0.31 0.31 0.5 0.41 0.32 0.59 0.18 -
0.3 0.3 0.6 0.6 0 « 0.4 0.4
0.29 0.3 0.81 0.78 0 •• 0.19 0.22
0.3 0.29 0.07 0.14 0.29 0.64 0.86
0.28 0.3 0.6 0.5 0.26 0.5 0.14 -
0.31 0.3 0.1 0.16 0.2 - 0.7 0.84
0.28 0.34 0 0.06 0 1 0.92
0.28 0.3 1 1 0 *• 0 0
543 to 0.34 032 034 0.33 0.64 0.67 0.02 -
550 0.33 033 0.29 0.26 0.67 0.74 0.04 -
0.33 0.33 0.37 0.37 0.62 0.63 0.01 -
0.35 032 0.34 0.29 0.55 0.71 0.11 -
0.33 0.32 0.33 0.34 0.61 0.66 0.06 -
0.33 031 032 0.26 0.56 0.74 0.12 -
0.3 0.3 0.29 0.18 0.46 0.82 0.25 -
0.3 0.32 0.28 0.41 0.34 - 0.38 0.59
0.65 03 0.08 0 6.33 1 0.39 -
0.31 0.31 0.25 0.14 0.52 0.86 0.23 -
0.31 63T " 677 6.6 0 6.26 0.2
0.31 6.6 0.76 6.78 0 0.24 0.22
o i6 0.32 0.78 0.8 6 0.22 0.2
o i l 6.32 0.95 0.94 0 "3.65 0.06
6i 2 o.52 0 0 0 1 1
0.31 1 1 0 0 0
61410 o i l 0.32 0.46 5 4 0.44 6.1 6.6
617 0.32 0.33 0.46 0.38 0.41 0.62 0.13 -
0.35 033 0.37 0.26 0.43 0.74 0.2 --
0.36 0.35 0.54 0.53 0.4 0.47 0.06 -
0.32 0.32 0.38 0.3 0.46 0.7 0.16 -
0.34 034 0.87 0.88 0 0.13 0.12
0.33 033 0.07 0.2 0.32 0.61 0.8
0.32 0.33 0.13 0.27 0.39 0.48 0.73
0.32 0.26 0.05 0.05 0.25 0.7 0.95
0.33 0.32 0.65 0.59 0 0.35 0.41
0.3 0.29 0.71 0.72 0 0.29 0.28
0 i5 035 0.92 0.92 0 0.08 0.08
0.34 0.3 0.68 0.6 0 0.32 0.4
0.37 032 0 0 0 1 1
034 035 1 1 0 0 0
Measured porosity (fraction)
Figure 3-9 Comparison between measured and calculated porosities for n -1.5 
(data from Somerton et al., 1974)
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Figure 3-10 Comparison between measured and calculated water saturations 
for n -1 .5 (data from Somerton et al., 1974)
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Figure 3-11 Comparison between measured and calculated hydrocarbon saturations 
for n -1 .5 (data from Somerton et al., 1974)
CHAPTER IV
DETERMINATION OF THERMAL PROPERTIES USING TEMPERATURE
BUILDUP CURVES
This chapter will focus on the methods for the determination of formation thermal 
properties. Because of the similarities between the pressure and the temperature 
diffusivity equations and their boundary conditions, the Horner method and curve 
matching method used in well pressure testing will be applied in the determination of the 
formation thermal properties. Chapter V will present some field applications to show the 
determination of formation thermal properties and the formation evaluation using the 
thermal properties.
4.1 SIMILARITY BETWEEN PRESSURE AND TEMPERATURE ANALYSIS
4.1.1 Pressure Diffusivity Equation And Its Boundary Conditions
The pressure diffusivity equation can be derived by applying three fundamental 
laws: the law of mass conservation, Darcy's law, and the law of state (Lee, 1982).
The pressure diffusivity equation is:
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For an idealized reservoir model used in well testing theory, the following 
assumptions are implied:
a. Circular reservoir with radial symmetry and constant thickness.
b. Homogeneous reservoir; k-constant, ^-constant.
c. Compressibility of saturating fluid is small and constant.
d. Viscosity and compressibility are independent of pressure.
e. Reservoir is fully penetrated by the well; that is, the flow is radial, and 
horizontal or gravitational forces are negligible.
d. Darcy's iaw applies in the radial flow.
The dimensionless pressure, time, and radius parameters are defined as:
Substituting E q u a tio n s  4-2a to 4 -2 c  into E quation  4-1, E quation  4-1
becomes the dimensionless pressure diffusivity equation as follows:
Pd.  (Pi - P)2ickh ( 4 - 2 a )
tD k l_
4>pcr&
(4 - 2 b )
(4-2C)
r° drol d r  o f  dtp
( 4 - 3 )
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The boundary and initial conditions based on the assumptions of the idealized 
reservoir are:
a. Infinite reservoir.
b. At rs« * ; P ( r ) s P | or P q s I , any time.
c. At r=rw ; q-constant for t>= 0
q =0 for t< 0
d. At t=0; P q =P|  or P q =0
a  ) .  — ffiE—  ( 4  - 4 )
\d r / r> rw 2jikhfw
In dimensionless pressure and radius, the boundary condition e  is:
2 ^ 1  - - 1  ( 4 - 4 a )
a r D/ r D-i
4.1.2 Temperature Diffusivity Equation And Its Boundary Conditions
The temperature diffusivity equation defines the temperature distribution in a 
medium and can be solved by applying the law of energy conservation.
The temperature diffusivity equation is:
62.
r 3 r \  d r l  k a t
For an ideal reservoir, the following assumptions are implied:
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a  Cylindrical symmetry exists with the wellbore as the axis.
b. Heat flow is due to conduction only.
c. Thermal properties of the formation do not vary with temperature.
d. The formation can be treated as though it is radially infinite and homogeneous 
with regard to heat flow.
e. No vertical heat flow exists in the formation.
f. For any time at r=**, T(r) = T|.
g For time t>=0 at r r r w, q -co n s tan t
time t <0 at r=rw , q = 0 .
The following dimensionless parameters are defined:
Substituting E quations 4*6a to 4 -6c into Equation 4-5, the dimensionless 
temperature diffusivity equation can be derived:
T„- (T,- T)2,k ( 4 - 6 a )
to ■ —t i — ( 4 - 6 b )
pcrS
( 4 - 6 c )
( 4 - 7 )
The boundary and Initial conditions based on the assumptions for the idealized 
reservoir are:
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a. Infinite reservoir.
b. At r=«*; T(r)=T | or T q =1 , any time.
c. At r=rw ; q-constant for t>= 0
q =0 for t< 0
d. At t=0; T q =T| or T q s  0 
(§1) . _ J L _
tdr/r 2 ttkrw 
With dimensionless temperature and radius, the boundary condition e  is:
^2-1 - - 1  ( 4 - 8 a )
3rD/rD-i
9. [£L| -  —9— {4 - 8)
The pressure and temperature diffusivity equations and boundary and initial 
conditions are very similar when comparing the above results. Thus, the temperature 
diffusivity equation can be solved by a method similar to that used in solving the 
pressure diffusivity equation.
4.2 TEMPERATURE ANALYSIS FOR TEMPERATURE BUILDUP CURVES
4.2.1 Solution Of T em perature Diffusivity Equation
Van Everdingen and Hurst (1949) found the exact solution of the pressure 
dimensionless diffusivity equation (Equation 4-3) by the Laplace transform method for 
both the initial conditions and boundary conditions described in S ec tio n  4.1.1. The 
solution procedure is shown In Appendix 3.1.
From the initial conditions and boundary conditions shown in S ec tio n  4.1.2, the
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temperature diffusivity equation can be solved by the same procedure as  that used in 
solving the dimensionless pressure diffusivity equation. Therefore, the solution of the 
temperature diffusivity equation for both the initial conditions and boundary conditions 
is:
U=[jf(u) + Y?(u)]
where Jo. J t  are the first kind Bessel functions of zero and first orders, respectively, 
and Yq, Yi are the second kind Bessel functions of zero and first orders, respectively.
One of the properties of the Bessel functions is:
J i ( u )  Yo(u) - Jo(u) Y,{u) -  -2- ( 4 - 1 0 )itu
Thus, Equation 4-9 can be simplified as:
To -  4 -
rt2
( l . e -uatp) 
< J?(U , + Yi2( u )]
du ( 4 - 1 1 )
For very small values of tp  (<0.01), the following simplified formula for Tp can 
be used:
Tds 2V^ ( 4 - 1 2 )
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When 25< \ q  <= 100, Equation 4-11 can also be expressed as:
To -  0 .5  Ei(x) ( 4 - 1 3 )
where
fE , ( x ) -  |  f t p d u
and
x
4 to
When tp  > 100, Equation 4-11 can be further simplified as:
To -  0 .5  (In tD + 0 . 80907)  ( 4 - 1 4 )
4.3.2 W ellbore Fluid S torage Effect
Because of the similarities between the pressure and temperature diffusivity 
equations and the solutions, the Horner method used in well pressure testing can be 
applied in the temperature analysis. For this application, the formation should be cooled 
down by circulating a cold wellbore fluid. Thus, heat energy will be produced from the 
formation at the rate of q. During and after the cold wellbore fluid circulation, some 
wellbore fluid exists in the wellbore and has some effect on the formation temperature 
changes. A wellbore fluid storage effect must be taken into account in the temperature 
analysis. This effect can be considered by using the law of energy conservation. Figure 
4-1 illustrates a section in the well with a unit length. By applying the energy 
conservation law, the energy in the section is:
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Figure 4-1 Illustration of energy conservation in a cross section element of 
the well
* «
Em - Eout + Eg ■ E*t ( 4 - 1  5 )
For a section of the well with a  unit length, the energy input in this section is:
Ein -  - ( 2 n  r*) k (2L\
w f *r-r.
( 4 - 1 6a )
The energy output in this section is:
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Bin - q ( 4 - 1 6b)
No energy is generated in this section. The energy stored in this section is:
E«» -  - (jirjj)prCf— ( 4 - 1 6c)
where k is the heat conductivity of the formaiion; Cf and pf are the heat capacity and 
density of the wellbore fluid, respectively.
Equation 4-15 becomes:
After rearranging Equation 4-17, the wellbore mud storage effect is expressed
where a -£ l£ l and is defined as the wellbore fluid storage factor.
2pc
When the wellbore fluid storage effect is considered, both the boundary conditions 
and initial conditions for an ideal reservoir are:
a. Infinite reservoir.
(2jc r*) k [— |  + q -  (nr$)pfCi — ( 4 - 1 7 )
as:
( 4 - 1 8 )
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b. At r=«* ; T(r)=Tj or T q =0,  any time.
c. At r=rw ; q=constant for t>= 0
q =0 for t <0
From the above boundary and initial conditions, the temperature diffusivity 
equation can be solved with the Laplace transform method. Appendix A.3.2 shows the 
procedure for solving the temperature diffusivity equation with the Laplace transform 
method using the above boundary and Initial conditions. The solution is:
Equation 4-19 is exactly the same as Equation 4-11 when the wellbore fluid 
storage factor is not considered (a -  0). Equation 4-19 can be solved by numerical 
methods. Table 4-1 lists the solutions of Equation 4-19 for different wellbore fluid 
storage factors. Figure 4-2 shows the plot of dimensionless temperature T D vs. 
dimensionless time tp  for different wellbore fluid storage factors.
The effect of wellbore fluid on the dimensionless temperature can be seen clearly 
in Figure 4-2. The wellbore fluid effect is large during the early period of time and 
becomes smaller when the dimensionless time is larger than 10. When the dimensionless 
time is larger than 100, the wellbore fluid storage effect can be neglected.
( 4 - 1 9 )
Table 4-1 Dimensionless temperature vs. dimensionless time for different 
wellbore fluid storage factors _____________________
t o
To
•  -  0 a  -  0.5 a  -  1.0 a  -  1.5
0.001 0.03528 0.001906 0.0009765 0.0006561
0.002 0.04942 0.003742 0.001934 0.001304
0.003 0.06028 0.005532 0.002879 0.001945
0.004 0.06937 0.007265 0.003814 0.002583
0.005 0.07732 0.009007 0.00474 0.003216
0.006 0.08446 0.0107 0.00566 0.003846
0.007 0.091 6.6f230 0.006572 0.004473
0.006 0.09705 0.01403 0.007478 0.005097
0.009 0.1028 0.01566 0.006378 0.005718
0.01 0.1081 0.01727 0.009273 0.006336
0.02 .............0.1503 ....0.03257 ...........0,01797. ..............0.012
0.03 0.1818 0.04674 ..........0.02632 0.0183
0.04 0.2077 0.06008 0.03439 0.02406
0.05 0.2301 0.07274 0.04222 0.02971
0.06 0.2499 0.06464 0.04986 0.03525
0.07 0.2679 0.09644 0.05731 0.04071
0.06 0.2845 0.1076 0.0646 0.04607
0.09 0.2999 0.1184 0.07174 0.05136
0.1 0.3144 0.1288 0.07875 0.05658
0.2 0.4241 0.2191 0.1428 0.1055
0.3 0.5024 0.2922 0.1988 0.1499
0.4 0.5645 0.3545 0.2492 0.1909
0.5 .............0,6167 0.4091 0.2951 0.2292
..........  06 0.6622 0.45578 0.3375 0.2652
0.7 0.7024 0.5019 0.3769 02993
0.6 0.7387 0.5421 0.4137 0.3315
0.9 0.7716 0.5793 0.4483 0.3623
1 0.8019 0.6137 0.4809 0.3916
2 1.0195 0.6674 0.7347 0.6304
3 1.1665 .1.0342 0.9112 0.806
4 1.2748 1.159 1.0462 0.9445
5 1.3625 1.2567 1.1552 1.0583
6 1.4362 1.3419 1.2463 1.1546
7 1.4997 1.413? 1.3245 12377
8 ...... -1.5557 .............1.4755 ............1.3928 1.3106
9 1.6057 1.531 1.4535 1.3757
10 1.6509 1.5609 1.508 1.4342
20 1.9601 1.915 1.8684 12199
30 2.1468 2.1135 2.0787 2.0425
40 2.2824 2.2553 2.2272 2.1982
50 2.3664 2.3656 2.342 2.3176
60 2.4758 2.4589 2.4355 2.4144
70 2.5501 2.5332 2.8143 2.4957
80 2.6147 2.5987 2.5824 2.5657
90 2.6716 2.6572 2.6424 2.6273
100 2.7233 2.7096 2.6961 2.6822
...............  200 .............3.0624 ............ 3.0549 3.0473. ............3.03.95
300 3.2626 3.2573 3.2516 32463
400 3.4050 3.4009 3.3966 3.3923
500 3.5158 3.5123 3.5088 3.5053
600 3.6063 3.6034 3.6004 3.5974
700 3.6830 3.6604 3.6778 3.6752
600 3.7494 3.7471 3.7446 3.7425
900 3.8060 3.8060 3.8039 3.8019
1000 3.8605 3.8587 3.8567 3.8548
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Figure 4-2 Dimensionless temperature vs. dimensionless time for different 
wellbore fluid storage factors
4.3.3 Heat Conductivity Calculation with the  Modified Horner Method
The Horner method is the most common and the simplest method used in well 
pressure testing for formation permeability calculation using a pressure buildup curve. 
A modified method will be used in the temperature analysis for the formation heat 
conductivity calculation.
When the dimensionless time tg  is larger than 100, E quation 4-11 can be 
simplified as:
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Td - 1.151 log to + 0.4045 ( 4 - 2 0 )
The slope in the Horner plot with regular units is:
m - 1 . 1 5 1 —9—  ( 4 - 2 1 )
2 n  k
The Horner time used in the Horner plot is — 1— , where t is the temperature
tP -i- t
buildup time and tp is the heat production time (wellbore fluid circulation time).
The value of tp  of 100 is reached in a relatively short time in pressure buildup 
analysis. In temperature analysis, the time required is much longer. For example, in a 
sandstone, the thermal diffusivity is about 0.0025 m2/hr. When the well radius is 5 
inches(0.127 m), tp  -  100 corresponds to t -  645 hours.
The temperature buildup time required for the conventional Horner method is 
much too long for practical application. The measurement time should not exceed 30 
hours. This corresponds to tp  -  4.65.
In order to use the Horner method in thermal analysis, a shorter time is required. 
In Figure 4-2, we note that the relation of Tp vs. log tp  is approximately linear in the 
range of 1 to 5 for tp . Figure 4-3 shows the Tp vs. log tp  in the range of 1 to 5 for 
tp . The slopes of Tp vs. log tp  for different wellbore fluid storage factor a  are 0.9216 
for e-0 .5 , 0.9630 for a-1 .0 , and 0.9508 for a-1 .5 . If the average value is taken as a 
good approximation, the slope in the Horner temperature plot will be:
m ■ 0.945
2 n k
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A
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■ a-o y = 0.79182 + 0.80141x RA2 = 0.998
> a-o.s y = 0.60336 + 0.92160x RA2 = 0.998
> a - 1.0 y = 0.46519 + 0.96299x RA2 = 0.996
> a - i . 5  y =  0.37078 + 0.95080X RA2 = 0.993
as
0.3
0.0 0.2 0.6 0.80.4
log tD
Figure 4-3 Dimensionless temperature Tq v s. dimensionless time to  at the range 
of 1 to 5 of tD.
The dimensionless temperature TD can be simplified as:
To -  0.945 log to + C ( 4 - 2 3 )
where C is a  constant.
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With this approximation, a modified temperature Horner method can be used to 
calculate formation heat conductivity with short buildup times.
4.2.4 Obtaining Volumetric Heat Capacity By Curve M atching Method
After the formation heat conductivity is determined with the modified Horner 
method, the theoretical temperature buildup curves can be calculated for different 
formation thermal diffusivities by using Duhamel's principle.
When the formation heat conductivity is found, the wellbore fluid storage factors 
can be determined for different thermal diffusivities. For a  given wellbore fluid storage 
factor, the relation of dimensionless temperature vs. dimensionless time can be 
calculated by Equation 4-19 using numerical methods. For the practical application, 
this relation is simulated by a polynomial of the third degree. For example, the 
polynomial for wellbore fluid storage factor a=1 is shown in Figure 4*4. The 
correlation coefficient of the curve fitting is 1. Therefore, the relation of dimensionless 
temperature vs. dimensionless time for a certain wellbore fluid storage factor a can be 
expressed as:
To -  ao + ai log to + a2 (log to)2 + aa (log to)3 ( 4 - 2 4 )
where ao. a-|, a 2 and 83 are constants that can be determined by curve fitting for a 
certain value of wellbore fluid storage factor.
This equation can be expressed In conventional temperature and time as:
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Figure 4-4 Curve fitting of dimensionless temperature vs. dimensionless time 
for wellbore fluid storage factor a =1
The theoretical buildup formation temperature can be determined by DuhamePs 
principle using Equation 4-25. The buildup formation temperature is:
T - T i  - - 9 - |a o  + at logS iliE l^il + 82 log* ^ * ^  + as logSf tp‘*‘Al )]3} 
2« k | r£  r $  r& J j
+ -JL_| ao + ai logOALj + logfflAtj2 + aa| logOMj3 j
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( 4 * 2 6 )
where tp is the heat production time and At the temperature buildup time.
The theoretical formation temperature buildup curves for different thermal 
diffusivities calculated with Equation 4-26 can be plotted together with the measured 
temperature buildup curve. This plot shows the comparison between the measured and 
calculated formation temperature buildup curves. The calculated curve, which has the 
best match with the measured curve, has the required thermal diffusivity. Since the heat 
conductivity is known, the volumetric heat capacity can be calculated.
4.3 EXAMPLES
Example 1: Modified Horner method for determining formation heat conductivity
Temperature measurements were made at the depth of 5730 ft in a LSU test well. 
The formation heat flow rate at that depth during the cold mud circulation is 346.5 
Btu/hr-ft. The static formation temperature at that depth is 141.5 °F, and the wellbore 
radius is 5 inches. The temperature buildup data are listed in Table 4-2. Determine 
the formation heat conductivity by the improved Horner method.
Solution:
Figure 4-5 shows the Horner plot from the data in Table 4-2. The slope m in 
the straight line portion of the Horner plot is 47.13 °F/tog cycle. Therefore, the
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formation heat conductivity can be calculated by:
k .  0 . 9 4 5 — 9 — -  1.106 Blu/hr ft °F =  1.914 W/m K 
2 it m
Table 4-2 Temperature data of a  LSU test well at 5730 ft
Buildup time 
At (hours)
Homer time 
At/fy + At)
Temperatures
(CF)
Buildup time 
At (hours)
Homer time 
At/(tp + At)
Temperatures
<°F)
0.50 0.04000 107.32 19.00 0.61290 130.67
1.00 0.07692 108.41 20.00 0.62500 131.12
............... r a r 0.11111 109.84 21.00 0.63636 131.54
.............£56’ 6.14286 111.21 22.00 0.64706 131.89
2.50 0.17241 112.34 23.00 0.65714 132.20
160 0.26666 116.37 24.00 0.66667 132.40
3.50 0.22581 114.46 25.00 0.67368 132.64
4.00 0.25000 115.56 26.00 0.68421 132.89
4.50 527275-" 116.56 27.00 0.66261 133.11
lo o 0.29412 117.28 28.00 0.70000 133.33
5.50 0.31429 117.98 29.00 0.70732 133.57
6.00 0.33333 118.77 30.00 0.71429 133.78
6.50 0.35165 119.56 31.00 0.72093 163.99
7.00 0.36842 120.33 62.00 ” '”672727'" 134.10
7.50 0.38462 120.93 33.00 0.73333 134.19
............... 8’:66"' 6.40060 ...........'& t:w --------- .......675STS" ...........H’Sa.ST"
lo o 6.42857 f 22.78" 35.00 6.74466 134.43
10.00 0.45455 124.08 36.00 0.75000 134.57
11.00 0.47826 125.05 37.00 0.75510 134.64
12.66 .......... 'fSISS"" 66.66 — jj7g5&5-- .......... T$r.7§"'
13.00 0.52000 126.78 39.00 0.76471 134.88
14.00 0.53846 127.52 40.00 0.76923 134.98
iS.6o 5.33386 128.34 4i.6o ........ 0.77358"'' 135.10
16.00 0.57143 129.01 42.00 0.77778 135.26
17.00 0.58621 129.61 43.00 0.78182 135.44
18.00 0.60000 1 30.18 44.00 0.78571 135.55
19.00 0.61290 130.67 43.00 0.78947 138.68
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Figure 4-5 Temperature Horner plot derived from data recorded in a  LSU 
test well at 5730 ft
Example 2: Curve matching method for determining formation volumetric heat 
capacity
The same data as in the previous example will be used. Determine the formation 
volumetric heat capacity by the cun/e matching method.
Solution:
The theoretical temperature buildup curves can be calculated with Equation 4-
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26 for thermal diffusivities a -0 .002 , 0.0025, and 0.003. F igure 4-6 shows the 
calculated temperature curves and the measured temperature curve plotted together.
The best fitting curve from Figure 4-6 is the curve of thermal diffusivity 
a-0.0025. Thus, the formation volumetric heat capacity is:
p c - k . .  2756 kJ/m 3 K a
Figure 4-7 shows the comparison between the actual temperature buildup curve 
and the calculated temperature buildup curve using k-1.914 W/m-K and p c -2 7 5 6  
kJ/m3 K In normal scale. As can be seen, the calculated curve matches the actual curve 
very well.
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Figure 4-6 Comparison between measured and calculated temperature curves in a 
LSU test well at 5730 ft
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Figure 4-7 Verification of formation thermal properties by the comparison 
between calculated and measured temperature buildup curves
4.3 CONCLUSIONS
a. For an idealized reservoir, the pressure and temperature diffusivity equations 
and the initial conditions and boundary conditions are similar.
b. The temperature diffusivity equation can be solved by a method similar to those 
used in solving the pressure diffusivity equation.
c. Wellbore fluid storage effect is an important factor for the formation
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temperature variations during and after wellbore fluid circulation. This effect has been 
considered in the solution of the temperature diffusivity equation.
d. A modified Horner method similar to the method used for the determination of 
formation permeability can be used to determine the formation heat conductivity.
e. Theoretical temperature buildup curves can be calculated by Duhamel’s 
principle and the solution of the temperature diffusivity equation with the wellbore fluid 
storage effect. By comparing the calculated temperature buildup curves with the actual 
temperature buildup curve, the formation volumetric heat capacity can be determined.
f. The procedures for determining the formation heat conductivity and volumetric 
heat capacity were illustrated with an example from the temperature measurements in a 
LSU test well.
CHAPTER V
FORMATION EVALUATION USING TEMPERATURE BUILDUP CURVES:
FIELD CASES
This chapter presents the applications of the formation evaluation method using the 
formation thermal properties determined with the temperature buildup curves. 
Temperature measurements at four intervals of a  LSU test well were used to verify the 
formation evaluation technique.
5.1 TEMPERATURE MEASUREMENTS AT A LSU TEST WELL
5.1.1 Temperature Measurements
The temperature measurements are made with the thermometer sonde stationary. 
These measurements consist of two parts: temperature drawdown and temperature 
buildup. A temperature drawdown curve is recorded during the cold fluid circulation. 
When cold fluid is circulated, the formation in the lower portion of the well produces 
heat energy and the formation temperature decreases. After the fluid circulation is 
stopped, the formation temperature starts to buildup. These procedures are similar to 
those in well pressure testing. In well pressure testing, formation pressure decreases 
during the production of formation fluids, and a pressure drawdown is recorded. After 
the production is stopped, the formation pressure increases, and a  pressure buildup is
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recorded.
Figure 5-1 shows the principle of the in situ measurements in a LSU test well. A 
thermometer is maintained stationary at the formation depth of interest. During fluid 
circulation, the formation temperature is continuously recorded to get the drawdown 
temperature recordings. At the same time, the input and output fluid temperatures at the 
well head are recorded periodically. Therefore, the heat flow rate brought out by the 
fluid can be calculated by considering the fluid thermal properties and the fluid flow 
rate. The detailed procedures for finding the heat flow rate will be shown later. After the 
fluid circulation is stopped, the thermometer is kept in place and the formation 
temperature is recorded continuously. Thus, a formation temperature buildup curve can 
be obtained.
The temperature measurements in the LSU test well were taken at four different 
depths (zones) in the experiments. From the Interpretation results by the pulsed 
neutron log that was recorded in the same well, one of the formations was interpreted as 
a  gas-bearing zone, one of the formations was interpreted as a  residual gas-bearing 
zone, and the other two formations were interpreted as  water-bearing zones. Table 5- 
1 lists the information related to these four temperature measurements.
F igures 5-2 to 5-5 show the temperature measurements at the four intervals. 
These measurements are the playback of the data recorded by the computer at the well 
site.
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Figure 5-1 Schematic of the technique by which temperature measurements 
were recorded in a  LSU test well
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Table 5-1 Information related to the four temperature logs
Run # Logging Depth Interpretation by Mud Circulation Temperature
Date ( f t) Pulsed Neutron Time Buildup Time
Log (hours) (hours)
1 2 /2 4 - 2 6 /8 9 4 4 7 3 gas zone 6 42 .5
2 2 /2 8 - 3 / 1 /8 9 4 3 5 0 water zone 6 46 .25
3 3 /1 7 - 1 9 /8 9 4 1 7 4 gas zone 12 45 .25
4 4 /7 - 9 / 8 9 5 7 3 0 water zone 12 44.5
130
447 !
120
2.
110
100
0 10 2 0 SO3 0 4 0
Time (hours)
Figure 5-2 Temperature measurements at 4473 ft
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Figure 5-3 Temperature measurements at 4350 ft
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Figure 5-4 Temperature measurements at 4174 ft
80
Ok
s
3
i
146
135*
125
115
105
1 00 20 3 0 40 50 60
Time (hours)
Figure 5-5 Temperature measurements at 5730 ft
5.1.2 Temperature Measurement Quality Control
For the temperature measurements shown in Figures 5-2 to 5-4, the formation 
temperatures at the early time period (temperature drawdown) were increasing when 
the mud circulation was Just started. This increase was caused by the hot fluid at the 
bottom of the well. When the circulation was started, the hot wellbore fluid below the 
thermometer was brought out first and caused a  slight temperature increase. Later on, 
the cold wellbore fluid reached the thermometer, and the temperature of the formation 
started to decrease. For Figure 5-5, the formation temperature did not Increase at the 
early period of mud circulation because the thermometer was placed close to the bottom
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of the well. Thus, the previously mentioned temperature increase during the early time 
period did not occur.
From the complete temperature records of the test, a  smooth temperature decrease 
can be seen during the mud circulation and a smooth temperature increase can be seen 
after the mud circulation is stopped. This shows that the temperature logging tool was in 
good working condition during the logging time.
In order to check the qualities of the logging curves, the temperature logging tool 
has been calibrated before and after each run. First, the tool reading was calibrated with 
respect to the temperature measured with an accurate mercury thermometer (we 
assume this is the true temperature) as shown in Figure 5-6. Second, the computer 
reading was compared to the tool reading as shown in Figure 5-7. In Figure 5-6, the 
linear relation between the true temperature and the tool reading is given by:
T -  0 . 9 9 0 5  T,oot- 1 . 8 6 6 7  ( 5 - 1  )
In Figure 5-7, the linear relation between the tool reading and the computer 
reading is given by:
Tto.1 ■ 0 . 9 9 5 7  Tcomputtr + 1 . 5 5 7 1  (5 - 2 )
Thus, the linear relation between the true temperature and the computer reading
is:
T ■ 0.9663 T«otnput«r * 0.3244 (5-3)
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Figure 5-6 Temperature logging tool calibration
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Figure 5*7 Well site computer recording calibration 
Therefore, the temperature measurements can be calibrated with Equation 5-3.
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The standard error for this calibration is 0.18 °F.
5.2 HEAT CONDUCTIVITY AND VOLUMETRIC HEAT CAPACITY 
DETERMINATION
5.2.1 Heat Flow Rate Determ ination
During the mud circulation, the mud enters the tubing and comes out from the 
annulus. From the input and output mud temperatures at the well head, the total heat 
energy brought out by the mud circulation can be calculated. The mud circulation rate 
for all four temperature well tests is 100 gal/min. Table 6-2 is a list of input and 
output mud temperatures and formation temperatures during the mud circulation of Test 
2 .
Table 5-2 Input and output mud temperatures at well head during circulation
Time (hours) Input Mud 
Temperature 
(OF)
Output Mud 
Temperature 
(OF)
Mud Temperature 
Differences 
(OF)
Temperature 
At 4350 ft 
(OF)
0 62 .5 68 .9 6.4 121.2
1 68 .9 75 .7 6.8 120 .9
2 74 .7 80 .4 5 .7 114.9
3 80.4 84 .0 3.6 111.4
4 84 .5 87 .2 2 .7 110.2
5 86.6 88 .8 2.2 109 .7
6 88 .0 90.1 2.1 109 .2
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The average temperature change is 4.92 °F (or 2.733 °C), the average input cold 
mud temperature Is 78.4 °F, the average output circulated mud temperature is 82.6 of, 
and the average temperature at 4350 ft is 113.7 o f . If a  linear relation is assumed 
between the output mud temperature and the bottom hole temperature, the temperature 
of output mud from bottom to the surface of the well is:
Toutput mud ■ 82.6 + 0 .00715 D (5  - 3 )
Figure 5-8 is the plot of input mud temperature, output mud temperature, and 
static temperature of the well. This figure shows that the output mud temperature 
crosses with the static temperature at the depth of about 2630 ft. Therefore, above 
2630 ft the formation temperature is lower than that of the output mud, and below 
2630 ft the formation temperature is higher than that of the output mud. When the 
formation temperature is lower than the temperature of output mud, the formation will 
heat up or the temperature of the formation will increase instead of decrease during the 
mud circulation.
The total heat flow rate brought out by the mud circulation can be calculated by:
Q -  fr*p»Cf*T.vfl ( 5 - 4 )
where Q is the total heat flow rate, fr is the circulating fluid flow rate, pfCf is the 
circulating fluid volumetric heat capacity, and Tavg is the average circulating fluid 
temperature change.
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Figure 5-8 Static temperature and output fluid temperature during circulation
The circulating fluid flow rate is 100 gal/min, the volumetric heat capacity of the 
circulating fluid is 4.18 J/g-K, and the average circulating fluid temperature change is 
2.733 °C. Thus, the total heat flow rate is 72100 W.
The heat flow rate q is assumed to be proportional to the difference between the 
well static temperature and output mud temperature. Therefore, the heat flow fate q 
should be proportional to the well depth. That is:
q - a Z + b  ( 5 - 6 )
where a and b are constants. The a and b constants can be defined by the following
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conditions:
Q - j  q d Z  ( 5 - 7 )
and
q -  0 a t Z -  2630 ft ( 5 - 8 )
thus
rD /-6000
Q -  (aD + b ) d D -  I (aD + b ) d D - 72100
JO Jo
end
a (2 6 3 0 )+  b -  0
From the above two conditions, a and b can be solved as: 
a  -  0 .0 3 2 5 , b -  -8 5 .4 0
5.2.2 Heat C onductivity D eterm ination
F ig u re s  5-9 to 5 -1 2  are the Horner plots of these four temperature 
measurements. From Figure 5-8, the slope of the straight line portion is 39.5 °F/log 
cycle (or 21.9 °C/log cycle). The formation depth is 4473 ft. The heat flow rate q using 
Equation 5-6 is 196.76 W/m.
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Figure 5-9 Temperature Homer plot at 4473 ft
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Figure 5-10 Temperature Horner plot at 4350 ft
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Figure 5-11 Temperature Homer plot at 4174 ft
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Figure 5-12 Temperature Horner plot at 5730 ft
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Using Equation 4-22, the heat conductivity can be calculated. The result is 
k - 1.353 W/m-K.
The thermal properties of the other three temperature measurements can be 
calculated in the same way. The calculation results are shown in Table 5-3.
Table 5-3 Calculated formation heat conductivities from the temperature 
measurements
Testing # Depth, ft Slope, OQ/log cycle k, W/m-K Remarks
1 4 4 7 3 21.9 1 .353 Gas zone
2 4 3 5 0 12.7 1.988 Water zone
3 4 1 7 4 15.1 1 .794 Residual gas zone
4 57 3 0 26 .2 1.914 Water zone
5.2.3 Volumetric Heat C apacity  Determ ination
Exam ple 2 in S ec tio n  4.3.5 of C h ap ter IV shows the procedures for 
determining the formation volumetric heat capacity. In the same way, the formation 
volumetric heat capacities of the four temperature measurements can be determined. 
Table 5-4 shows the formation volumetric heat capacities in these four intervals. 
From the calculated formation volumetric heat capacities, the theoretical temperature 
buildup curves can be calculated. The comparisons between the measured and calculated 
temperature curves of the four intervals are shown in F igures 5-13 to 5-16. Very 
good matches are obtained between the measured and calculated formation temperature
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buildup curves. The calculated formation volumetric heat capacities and heat 
conductivities can be considered to be reliable.
Table 5-4 Calculated volumetric heat capacities from the temperature measurements
Testing # Depth, ft k, W/m-K pc, W/m3-K Remarks
1 4 4 7 3 1.353 1948 Gaszone
2 4 3 5 0 1.988 28 6 3 Water zone
3 4 1 7 4 1.794 2 5 8 4 Residual gas zone
4 5 7 3 0 1.914 27 5 6 Water zone
125
120
115
2L
110
105
20 30 40
Time (hours)
Figure 5-13 Comparison between theoretical and measured temperature buildup 
curves at 4473 ft
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Figure 5-14 Comparison between theoretical and measured temperature buildup 
curves at 4350 ft
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Figure 5-15 Comparison between theoretical and measured temperature buildup 
curves at 4174 ft
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Figure 5-16 Comparison between theoretical and measured temperature buildup 
curves at 5730 ft
5.3 FORMATION EVALUATION BY THERMAL PROPERTIES
The final purpose of determining the formation thermal properties is to evaluate 
the petrophysical properties of the formation. The crossplot technique described in 
Chapter III will be used to determine the formation porosity and saturations.
To enter the crossplot, the exponential constant n of Equation 3-14 must be 
determined first. This can be done by fitting the two water points with the 100% water 
line in the crossplot. The exponential constant n is found to be 1.4. This value of n will
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be used for all four Intervals. Figure 5-17 shows the four intervals in the crossplot 
with an exponential constant n«1.4. Table 5-5 lists the interpretation results of the 
four intervals by the crossplot. The saturations determined from the crossplot agree 
with the interpretation results of the pulsed neutron log. The porosities determined from 
the crossplot also agree with the data obtained in nearby wells.
*] porosity |
0 .4 --------------
.01 n  -------- --------- --------- --------- ------------------- ---------
0 1 0 0 0  2 0 0 0  3 0 0 0  4 0 0 0
Volumetric heat capacity (kj/m3 K)
Figure 5-17 Formation evaluation crossplot applied to the temperature 
measurements in a LSU test well
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Table 5-5 Interpretation results by the crossplot from the thermal properties
Testing # Depth, ft Sw Sg « Remarks
1 4 4 7 3 0 .46 0 .54 0 .37 Gas zone
2 4 3 5 0 1.00 0.00 0.39 Water zone
3 4 1 7 4 0 .86 0.14 0 .38 Residual gas zone
4 5 7 3 0 0 .98 0 .02 0.38 Water zone
5.4 SENSITIVITY ANALYSIS OF THE RESULTS
The heat flow rate q  and the exponential constant n of the crossplot are important 
factors used in the determination of the formation thermal properties and in the 
formation evaluation using the thermal properties. Therefore, the sensitivities of q and 
n will be discussed.
When the heat flow rates are 5 percent less than the heat flow rates used in 
calculating the thermal properties listed in T ab les 5-3 and 5-4, the new thermal 
properties can be calculated. From the new thermal properties, the formation porosities 
and saturations can be found using the crossplot technique. The new results are listed in 
Table 5-6. Table 5-7 lists the results when the heat flow rates are 5 percent 
greater than the heat flow rates used in calculating the thermal properties listed in 
T ab les 5-3 and 5-4 .
For the formation heat conductivity and volumetric heat capacity having a linear 
relation to the heat flow rate, the calculated formation heat conductivities and 
volumetric heat capacities will also change by 5 percent. But, the determined porosities
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and saturations will change in different ways. Tables 5*6 and 5-7 show that the 
porosity can change by up to 16 percent, while the saturations have some small changes. 
This means that the calculated porosity is sensitive to the heat flow rate and the 
calculated saturations are non-sensitive to the heat flow rate. In other words, the 
calculated saturations are reliable, but the calculated porosity is less reliable.
Table 5-6 The calculated thermal properties and the formation evaluation results 
when the heat flow rates are 5 percent less (exponential constant 
n is 1.6).
Testing # Depth, ft k, W/m.K pc, W/m3.K Sw Sg
1 4 4 7 3 1 .285 1851 0 .48 0 .52 0.32
2 4 3 5 0 1.889 2 7 2 0 1.00 0 .00 0 .35
3 4 1 7 4 1 .704 2 4 5 5 0 .89 0.11 0.34
4 5 7 3 0 1 .818 2 6 4 6 0 .98 0 .0 2 0 .34
Table 5-7 The calculated thermal properties and the formation evaluation results
when the heat flow rates are 5 percent greater (exponential constant n is 
1 .2 ).
Testing # Depth, ft k, W/m.K pc, W/m3.K ®w % 4»
1 4 4 7 3 1.421 2 0 4 5 0 .50 0 .50 0.43
2 4 3 5 0 2 .087 3 0 0 6 1.00 0 .00 0 .44
3 4 1 7 4 1.884 2 7 1 3 0 .87 0 .13 0 .43
4 5 7 3 0 2 .010 2 8 6 6 0.98 0 .02 0.43
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Table 5-8 lists the formation evaluation results from the formation thermal 
properties listed in Table 5-4 when the values of the exponential constant n are 1.2 
and 1.6, respectively. The results from Table 5-8 also show that the calculated 
porosity is sensitive to n and the calculated saturations are non-sensitive to n.
Table 5-8 The calculated thermal properties and the formation evaluation results 
when the values of the exponential constant n are 1.2 and 1.6, 
respectively.
n -1 .2  n -1 .6
Testing # Depth, ft Sw «  S* Sg
1 4 4 7 3  0 .44  0 .56  0 .43  0 .42  0 .58  0 .33
2 4 3 5 0  0 .98  0 .02  0 .44  1.00 0 .00  0 .35
3 4 1 7 4  0.81 0 .19 0 .44  0 .90  0 .10  0 .35
4 5 7 3 0  0 .92  0 .00  0 .44  1 .00  0 .00  0 .35
5.5 CONCLUSIONS
a. Temperature measurements were run in four intervals of a LSU test well. The 
temperature measurement curves are similar to the pressure well test curves for 
pressure drawdown and buildup.
b. The temperature logging tool and the computer recording system were calibrated 
accurately. Calibration results show that the logging tool and computer recording system 
are in good working condition and that the quality of the temperature logs is reliable.
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c. The formation heat conductivities in the fOur intervals were calculated using the 
improved Horner method. The formation volumetric heat capacities in the four intervals 
were determined using the temperature buildup curve matching method.
d. The crossplot technique was used for the petrophysical evaluation of the four 
intervals by using the computed formation thermal properties. The interpretation 
results from this technique agree with the interpretation results obtained with the 
pulsed neutron log in the same well.
e. The sensitivity analysis shows that the calculated formation porosities are less 
reliable than the saturation values.
CHAPTER VI 
CONCLUSIONS AND RECOMMENDATIONS
6.1 CONCLUSIONS
The formation evaluation method using formation thermal properties and the in 
situ determination methods of the formation thermal properties are the main topics 
presented in this dissertation. The research work in support of the formation evaluation 
method also includes the laboratory measurements of sand thermal properties and field 
applications of the formation evaluation method. The final conclusions are:
1. Laboratory work was conducted to measure sand heat conductivity. Ottawa sand 
was used to measure the heat conductivities in dry and wet (saturated with 100% 
water) sands. The measured heat conductivity is 0.71 W/m-K in dry sand and 2.27 
W/m-K in wet sand.
2. A steel plate was added on the top of the sand to simulate the effect of casing. The 
average time for the heat front to reach 3 inches deep inside the sand is about 23 
minutes for wet sand.
3. When the measuring heat front travels more than three inches deep, the effect 
of the steel plate (or casing) for the heat conductivity measurement is small and
98
99
can be neglected.
4. An improved heat conductivity equation was developed for porous rock saturated 
with fluids. This equation was verified by calculating the heat conductivity of rock 
sam ples. The calculation results show that most of the calculated heat 
conductivities have less than 10% error when compared to the measured heat 
conductivity. The standard error of the calculated heat conductivities is 0.078 
B tu /f th r°F .
5. The volumetric heat capacity of porous rock can be accurately calculated by 
weighted average of the volumetric heat capacities of individual rock components 
(Somerton. 1958).
6. By combining the equations of heat conductivity and volumetric heat capacity, 
a crossplot was designed for interpreting rock porosity, water saturation, and 
hydrocarbon saturation.
7. The measured thermal properties of rock samples were used to verify the 
interpretation results of the crossplot. The interpreted rock porosity, water 
saturation, oil saturation, and gas saturation agree with the measured values.
8. When the formation porosity, water saturation, and hydrocarbon saturation are 
known, the formation thermal properties (heat conductivity and volumetric heat 
capacity) can be determined by the crossplots. This is an inverse procedure to 
determine the thermal properties, which is particularly useful to implement 
thermal recovery techniques.
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9 . The dimensionless pressure diffusivlty equation is the same as the 
dimensionless temperature diffusivlty equation. The reservoir initial conditions 
and boundary conditions in pressure analysis are similar to the reservoir initial 
conditions and boundary conditions in temperature analysis. Therefore, the method 
used to solve the pressure diffusivlty equation can be applied to solve the 
temperature diffush/ity equation.
10. The temperature diffusivity equation was solved by the Laplace transform 
method for infinite reservoir initial conditions and boundary conditions. The 
wellbore fluid storage effect was simulated and was considered in the solution of the 
temperature diffusivity equation.
11. An improved Horner method was used to determine the formation heat 
conductivity by using the temperature buildup curve. The conventional Horner 
method used in the pressure analysis is impractical for the determination of the 
formation heat conductivity because the required temperature buildup time is 
more than 645 hours.
12. Theoretical temperature buildup curves can be calculated by using the 
solution of the temperature diffusivity equation and Duhamel's principle. The 
formation volumetric heat capacity can be found by comparing the measured 
temperature buildup cun/e with the theoretical temperature buildup curves.
13. Temperature measurements were conducted at four Intervals in a  LSU test 
well. The temperature logging tool and recording computer were calibrated with an
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accurate thermometer. The calibration results show that the quality of the 
temperature measurements is good.
14. The formation heat conductivities and the volumetric heat capacities of the 
four intervals were calculated with the improved Horner method and the buildup 
temperature curve matching method.
15. The determined thermal properties of the four intervals were used in the 
formation evaluation by the crossplot technique. The saturations of the four 
intervals determined by the crossplot agree with the interpretation results of the 
pulsed neutron log in the same well.
6.2 RECOMMENDATIONS AND LIMITATIONS
1. The heat flow rate during wellbore fluid circulation is usually not constant. A 
variable heat flow rate should be considered in the improved Horner method and the 
calculation of the theoretical temperature buildup curves.
2. The solution of the temperature diffusivity equation is valid for an infinitely 
large formation. Therefore, the formation evaluation method is not suitable for 
thin beds. Some corrections should be considered in order to use the formation 
evaluation method in thin beds.
3. The formation temperature drawdown curves were also measured in the same 
four intervals in which the formation evaluations were conducted using the 
temperature buildup curves. The temperature drawdown curves should be
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considered to determine the formation thermal properties. A method based on 
temperature drawdown measurement could be particularly useful in measurement 
while drilling (MWD) techniques.
4. The method requires a well-defined buildup temperature curve with numerous 
measured points. A temperature buildup defined by four or five points measured 
during a logging operation cannot be used to accurately compute the thermal 
properties of the formation.
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APPENDIX
APPENDIX 1 LABORATORY DATA OF HEAT CONDUCTIVITY 
MEASUREMENTS
Appendix 1.1 Measurements Without Steel Plate Effect
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APPENDIX 2 HEAT CONDUCTIVITY VS. VOLUMETRIC HEAT CAPACITY 
CROSSPLOTS
Appendix 2.1 The C roasp lo ts For Air S aturation  Determination
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Appendix 2.2 The C rossplo te For Natural Gaa Saturation Determination
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Appendix 2.3 The C rossp lo ts  For Crude Oil Saturation Determination
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APPENDIX 3 SOLUTIONS OF THE DIFFUSIVITY EQUATIONS BY 
LAPLACE METHOD
Appendix 3.1 Pressure Dlffuslvity Equation
The pressure dlffuslvity equation is:
In well testing theory for an idealized reservoir model, the following assumptions
a. Circular reservoir with radial symmetry and constant thickness.
b. Homogeneous reservoir; k-constant, 0-constant.
c. Compressibility of saturating fluid is small and constant.
d. Viscosity and compressibility are independent of pressure.
e. Reservoir is fully penetrated by the well; that is, the flow is radial, and 
horizontal or gravitational forces are negligible.
d. Darcy's law applies to the radial flow.
The dimensionless pressure, time, and radius are defined as:
(A -1 )
are made:
p i* * (A -2a)
2nkh
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to ■ — tt-
4*i.cr&
ro r w
(A -2b)
(A -2c)
Substituting Equations A-2a to A-2e into Equation A-1,
1_ j J r o i P o ) -  ^ 2 .  (A -3 )
r ° d ro l d f o l  dto
Van Everdingen and Hurst (1949) found the exact solution of Equation A-3 by 
the Laplace transform method. The boundary conditions and initial conditions used for the 
exact solution are:
a. infinite reservoir.
b. At r=<» ;P ( r ) = P |o r  P q =1 , any time
c. At r= rw ; q-constant for t>= 0
q =0  for t< 0
d. At tsO ; P D=0
Equation A-3 can be written as:
a 2P p  +  x 3 P d =  3 P d  
dr© r ® dro dto
The Laplace transform of dimensionless pressure Pp is:
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P d (p ) -  e pu PD(u) du
r0
By taking the Laplace transform on both sides of Equation A-4, It becomes:
( A - 5 )
The general solution of the above equation is (Karman, 1940):
Po{p) -  A lo{roVpT) + B Ko(roVp) (A -6 )
where lo and K0 are modified Bessel functions of the first kind and second kind, 
respectively, of zero order.
From boundary condition b, when ro ~»00 , Po= 0 . Since ? d (P )  *s  the transform 
of P p t Pd(P ) should be equal to zero. I0 will become and K0 will approach zero 
when r|)-» . So, A must equal zero. Equation A-6 will be:
Po(p) -  B Ko(roVp) (A -7 )
From Darcy's law, the dimensionless boundary condition can be derived as:
oPpj
idro/ro-1
(A - 8)
The Laplace transform for both sides of the above equation is:
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(A -9 )
The differentiation of the modified Bessel function of the second kind gives K0’(z) 
s  -K |(z) (Carslaw, 1949). Therefore, the differentiation of E quation  A-7, with 
respect to ro= 1 , gives:
f e )  --B V p-K i(V p) ( A -1 0 )
ldro/rD- l
Combining Equations A-9 and A-10, the constant B can be obtained as:
Therefore, the transform of the dimensionless pressure in an infinite medium at 
ro =1 (at wellbore) is given by:
B «  J-Ki(VJT).1
p D(p) -
pfK i(VP)
(A -1 1)
Now we need to invert the Laplace transform by Mellin's inversion formula.
Po(to) -  -1—
2n i
(A -1 2)
Equation A-12 can be rewritten as:
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Po(tt)l) - Po{t02)-
( T> _
y® * .#!««) pD(p)dp
T '(“
( A - 1 3 )
The path of Integration for this transform is described by the "cut" along the 
negative real axis, Figure A-3-1, which gives a  single-valued function on each side of 
the "cur. That is to say that path AB required by Equation A-13 is equal to the path AD 
and CB. Since its integration is zero in the second and third quadrant, this leaves the 
integration along paths DO and OC equal to AB. The integration on the upper portion of the 
"cut" can be obtained by making p = u 2 e+to , which yields:
1 I (e ptD1 - ept0it) Ko(VP) 
2x1 ] 0 p i  Ki{VP)
The complex Bessel functions have the following properties:
K ofue*?)- + *L {Jo(u)+  I Yo(u)}
K i(u e ' f ) -  - £ { J i ( u ) +  I Yi(u)}
Therefore, Equation A-14 becomes:
1_ - »-u2t°*) (Jo(u)- » Yo(u)} du
*  J o  u2ef  (J i(u )- I Y,(u)}
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Z plane
(Y. 0)
Figure A-3-1 Contour integration in establishing the constant 
terminal rate case for infinite extent
The above equation can be rewritten as:
!_ ■ e '**2 tP2) (jp(u) - I Yo(u)} (Jt(u) + I Yifu)} ^
n  J o  u2 e* ^ Jl(u) ' 1 Yl(u  ^tJHu) + 1 Yi(“)}
This equation can then be simplified as;
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± j  (••u2tp,-»‘M2t02){Jo(u)Yi(u) -Ji(u)Yo(u) -Uo(u)Ji(u) -iYc(u)Yi(u)}
* ’ u2 {j?(u) +Y?(u)|
du
The imaginary part of the above equation is nul, and the integration along the upper 
portion of the negative real "cut" is:
]_ (  (e “at01 - o ua|pg) {jp(u) Yt(u) - Ji(u)Yo(u)}*J0 U* {j?(u)+ Y?(u)) du (A -1 5)
Likewise, the integration along the under portion of the negative real "cut” is:
,  n . - -  - r “2 ' 2) (Jo(u) Yi(u) • Ji(u)Yo(u)} dl| (A . 16)K j0 U2 | j f ( u ) +  yf(u)|
The integration along paths DO and OC is the sum of Equations A-15 and A-16,
o r
P D ( t D i ) -  P D ( t 0 2 ) - j  £ ' U2tD1 - • • u2t° 2)i j0 W lW ^ l( » ) Y 0 ( » ) )  du
t  «2 {j?{U) + Y?(u))
(A -1 7)
The initial condition is PD=0 a tt= 0 . Consequently, Equation A-17 equals:
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mo.z f _ o • < - ) < * w -m k du (A-ie)
”  J 0 »2 U ( u )  * Y?(u)}
The properties of Bessel functions also give:
Ji(u)Y o(u)- Jo (u )Y ,(u )- 2 -
Equation A-18 becomes:
Y?(u)l
E quations A-18 and A-19 are the final solutions of the pressure diffusivity 
equation for an infinite reservoir at a constant terminal rate.
Appendix 3.2 Tem perature Diffusivity Equation With Mud S torage 
E ffect
The temperature diffusivity equation is:
1 - d / r ^ ! ) - e £ ^ I .  (A -2 0 )
r 3 r \  3 r f  k at
The following dimensionless parameters are assumed:
15
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*1
Id
pcrft
I’D rw
(A -21a)
(A -21b)
(A21-C)
Then, the dimensionless temperature diffusivity equation is:
_ L - S L / r D ^ I -  ^15. ( A -2 2 )
r ° 9ro\ d r o l  3to
When the wellbore storage effect is considered, the boundary and initial conditions
are:
a  Infinite reservoir.
b. At T[j=oo ; T(r)=Tj or T d =0, any time.
c. At r D=1 ; q=constant for t>= 0
q =0 for t <0
d . - a $ I °  + - 1
dtD \dro/rD-1
In a  way similar to that described in A ppendix  3.1, the solution of the 
temperature diffusivity equation in Laplace space can be obtained as:
To(p) -  B Ko(roVP) (A-23)
The derivative of Equation A-23 at rD=1 is:
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3Tpfp)
dn> . ib*i
■ - B V|T Ki(VP) (A- 24)
The Laplace transform of boundary condition d is:
a p To(p) + 3Tp(P)
dro
-  L
fD*1' ^
( A-25)
Combining the above three equations, the constant B can be calculated by:
B - _L
p [a p Ko(VF) + VF Ki(VT)]
(A- 26)
Therefore, the dimensionless temperature in Laplace space is:
Tu(p) -Kofvp)
p [a p KofVP") + vp- Ki(VP)]
( A-27)
The inverse of the above equation can be obtained in a  way similar to that described 
in Appendix 3.1. The integral is:
|  - (eptD1 - eptpz) Ko(vpi dp
n l  J  p [a p Ko(Vp-) + VP* Ki(Vf)]
J _  [  - ( e u2tP1 - e u2tDa) Ko(u e  a) du
*• J  u [a u2 e 1* Ko(u e f ) + u e f  Ki(u e )]
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j _  f  ( 8 ~u2tDt - 6
nl I u {a u 2 [Jo(u) - 
-L
id  J  u2 {[ a u i
e't|2tPa) [ Jc(u) - 1 Yo(uj du
,-ua«Di.  e * * ” ) [ J q( u) .  I Yo(ujJ du 
Jo(u) -Ji(ull - i[  a u Yo(u) - Yi(uxJ)
l-u2«w.e  uatPa) [jp(u) -IYp(uj ( [auJo(u) -Ji(uj +(auVc(ii)»Yi(u]] )du 
u2 ([auJo(u) -J i(u )]2 + [a u  Yo(u) -Yi(u)]2)
The imaginary term is nul, and the integral becomes:
1. (  (e 'u2tP1 - 
*  Jo u2 {[a u
e  u2tpa) [ j , (U) Yp(u) - Jo(u) Yi(u j  du
Jo(u) - Jifuij8 + [a u Yo(u) - Yi(ufl2)
Therefore, the final solution of the dlmensionless temperature variation with time
is:
CJ^ u2 {[a u Ji
To ■ 2.I V1 - e 'u2tp) [Ji(u) Yo(u) - Jo(u) Y1(U)] du ( A  2Q)
* I -a /r- -  o{U) . j l(uj]2 + [a u Yo(u) - Yi(ujif}
or
-4  —i?J  u3 ([a uT 0 -  — r ------------- (1. '  g-“ tD) du--------------------  {A -29 )Jo(u)< + [« u Yo(u) - Yi(uj]2)
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